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Abstract 



Divergence-free Lie algebras are originated from the Lie algebras of volume- 
preserving transformation groups. Xu constructed a certain nongraded generaliza- 
tion, which may not contain any toral Cartan subalgebra. In this paper, we give a 
complete classification of the generalized weight modules over these algebras with 

■ weight multiplicities less than or equal to one. 
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■ 1 Introduction 

The Lie algebras of volume-preserving transformation groups consist of divergence- free 
first-order differential operators. They are often called the special Lie algebras of Cartan 
type, or divergence-free Lie algebras (see [23]). These algebras play important roles in 
geometry, Lie groups and dynamics. Various graded generalizations of them were studied 
by Kac [5], Osborn [H], Dokovic and Zhao [I], and Zhao [29J. Bergen and Passman [Ij gave 
a certain characterization of graded divergence-free Lie algebras. Kac also investigated 
suppersymmetric graded generalizations of them [6j[7]. Motivated from his classification 
of quadratic conformal algebras corresponding to certain Hamiltonian pairs in integrable 
systems (cf. [27J[28]), Xu [26] introduced nongraded generalizations of the Lie algebras of 
Cartan type and determined their simplicity. An important feature of Xu's algebras is 
that they do not contain any toral Cartan subalgebras in generic case. The aim of this 
work is to study certain representations of Xu's nongraded divergence-free Lie algebras, 
whose isomorphism classes were determined by Su and Xu [23] . 

The representations of the Lie algebras of Cartan type were vastly studied. Shen 
[181420] studied mixed product of graded modules over graded Lie algebras of Cartan type, 
and obtained certain irreducible modules over a field with characteristic p. Penkov and 
Serganova [15] gave an explicit description of the support of an arbitrary irreducible weight 
module of the classical Witt algebra, as well as its subalgebra with constant divergence. 
Rao pSlCTT] investigated the irreducibility of the weight modules over the derivation Lie 
algebra of the algebra of Laurent polynomials virtually constructed by Shen [18]. Zhao 
[31] determined the module structure of Shen's mixed product over Xu's nongraded Lie 
algebras of Witt type (cf. [26]). Moreover, she [33] obtained a composition series for a 
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family of modules with parameters over Xu's nongraded Hamiltonian Lie algebras (cf. 
[26]). These modules are constructed from finite-dimensional multiplicity- free irreducible 
modules of symplectic Lie algebras by Shen's mixed product. 

Starting from Kac's conjecture [H[9] on irreducible representations over the Virasoro 
algebra (which can also be viewed as a central extension of the rank one classical Witt 
algebra), Kaplansky PUIEEI] and Santharoubane [TT] gave classifications of multiplicity- 
one representations over classical Virasoro algebras. Later, Mathieu [12] classified the 
Harish- Chandra modules over the Virasoro algebras, which confirms Kac's conjecture. 
Moreover, Su [2T],[22] generalized Kaplansky and Santharoubane's result to multiplicity- 
one modules over high rank Virasoro algebras and super- Virasoro algebras. Based on 
their classifications of multiplicity-one representations over generalized Virasoro algebras 
in [25], Zhao [30] classified the multiplicity-one representations over graded generalized 
Witt algebras. Su and Zhou [21] then generalized Zhao's result [30] to generalized weight 
modules over the nongraded Witt algebras introduced by Xu [26J. 

Motivated by Kaplansky and Santharoubane's works in [TUPT]. we [2] gave a complete 
classification on multiplicity-one representations over graded generalized divergence-free 
Lie algebras introduced by Dokovic and Zhao [I]. Based on our previous result, we give 
in this paper a complete classification of the irreducible and indecomposable generalized 
weight modules over the nongraded divergence-free Lie algebras introduced by Xu [26] 
with weight multiplicities less than or equal to one. 

Throughout this paper, we let F be an algebraically closed field of characteristic zero. 
All the vector spaces are assumed over F. Denote by N the set of nonnegative integers 
{0, 1, 2, • • • } and by Z + the set of positive integers. For m, n G Z, we shall use the notation 

m,n = {m, m + 1, m + 2, . . . , n} if m < n; m, n = if m > n. (1-1) 

For any positive integer n, an additive subgroup G of F n is called nondegenerate if G 
contains an F-basis of F n . Let l\, I2 and I3 be three nonnegative integers such that 

l = h + l 2 + h>0. (1.2) 

Take any nondegenerate additive subgroup T of F' 2+ ' 3 and let T = {0} when h + h = 0. 
Let £/ (Zi, I2, h] T) be the semi-group algebra F|F x N' 1+ * 2 ] with the basis 

{x a t l I a G T,i G N /l+ ' 2 }. (1.3) 

Define a commutative associative algebraic operation "•" on stf(l\, I2, h; T) by 

x a f ■ xH> = x a+ H i+ ' s for a, p G T, i, j G N' 1+ * 2 . (1.4) 

Note that x°t° is the identity element, which is denoted by 1 for convenience. Moreover, 
we write t 1 and x a instead of a; ^ 1 and x a t° for short. When the context is clear, we omit 
the notation "•" in any associative algebra product. 
For k G Z + and p G 1,1, we denote 

fc b] = (0,---,0j,0,---,0)Grf. (1.5) 
For convenience, a G F' 2+ * 3 is written as 

a = (cki, a 2 , • • • , Oil) with oti = a 2 = ■ ■ ■ = = 0, (1.6) 
and i G N' 1+ ' 2 is written as 



i = »a, — , *i) with i h+h+ i = zj 1+ i a+2 = • • ■ = k = 0. (1.7) 



Moreover, we denote 

h+h 

|i| = ^ i P for i G N ll+h . (1.8) 
P =i 

We define linear transformations {di, <9 2 , ■ ■ ■ , d{\ on (Z 1; Z 2 , / 3 ; T) by 

d p {x a t i ) = apX a f + ipx^- 1 ^ for p G IT/, i G N il+ ' 2 , a G T, (1.9) 

where i p = and the monomial i p x Q /f: 1_1 w is treated as zero when i — lu,] ^ pj«i+k. 
Then {<9 P | p G 1, 1} are mutually commutative derivations of stf(l\, Z 2 , Z 3 ; r), and they are 
F- linearly independent. Let 

1 

@ = J2®di (1.10) 

i=l 

and 

r(z 1 ,z 2 ,z 3 ;r) = ^(z 1 ,z 2 ,z 3 ;r)^. (1.11) 

Then W{1\, Z 2 , Z 3 ; T) is the simple Lie algebra of nongraded Witt type constructed by 
Xu Its Lie bracket is given by 

1 1 1 

[^2 Updp, Y v qdq\ = ^ {u p d p (v q ) -v p d v {u q ))d q for u p ,v p G g/(k, Z 2 , Z 3 ; T). (1.12) 

p=l g=l P,<?=1 

Define the divergence on Z 2 , Z 3 ; T) by 

divd = ^<9;«) for9=^^ eW(h,k,l 3 ;T). (1.13) 

i=l i=l 

Let p G T be any element. We define 

A>,» = x p (d p (x- p u)d q - d q (x- p u)d p ) (1.14) 

for p, q G 1, Z and u & £/ (Z 1; Z 2 , Z 3 ; T). Then 

^(Zi, Z 2 , Z 3 ; p, T) = Span{L> p , g (u) | p, g G ~l, u G ^(Zx, Z 2 , Z 3 ; T)} (1.15) 

forms a Lie subalgebra of the Lie algebra Z 2 , Z 3 ; T). The Lie algebra y(l%, Z 2 , h] P, T) 

was first introduced by Xu [26J, as a nongraded generalization of graded simple Lie alge- 
bras of Special type, and further studied by Su and Xu [23J. It was called a divergence-free 
Lie algebra [23] in the sense that ^(h, Z 2 , h', 0, T) consists of the divergence-free elements of 
Z 2 , Z 3 ; T). When Z 2 > 0, the algebra ^(h, Z 2 , Z 3 ; p, T) does not contain any toral Car- 
tan subalgebra. The special case ^(0, 0, Z 3 ; p, T) was introduced and studied by Dokovic 
and Zhao [1]. In [2], we classified the multiplicity-one representations of the Lie algebras 
5? (0, 0, Z 3 ; 0, T) with Z 3 > 3. In this paper, we further study the generalized multiplicity- 
one representations of the Lie algebras ^(1%, Z 2 , Z 3 , 0; T) with Z x + Z 2 > 3 and Z 2 + Z 3 > 3. 
A linear transformation T of a vector space V is called locally finite if 

dim(span F {T"(w) | n G Z + }) < 00, V v G V; (1.16) 

it is called semi-simple, if for any v G V, span F {T n (t> ) | n G Z + } has a F-basis consisting 
of eigenvectors of T; it is called locally nilpotent, if for any v G V, there exists n G Z + 
(may depend on t>) such that T n {y) = 0. A subspace [/ of EndV^ is called locally finite or 
locally nilpotent, if each element of £/ is locally finite or locally nilpotent, respectively. 



For convenience, we define 

i 

<d,/3>= d{fi) = (3(d) = a A (1-17) 

P =h+i 

for d = Y! P =i a P d P G ® and p = (p u f3 2 , ■ ■ ■ , fa) G F< 2+ ' 3 . Let 

h h+h I 

0i = $> 2 = Ffi, P> = F6> p . (1.18) 

Observe that ad^i is locally nilpotent and acLS? is locally finite on 5? . Motivated from 
this and Su and Zhou's work [23], we are interested in considering ^-modules V on which 
S)\ and Qi act locally nilpotently and locally finitely, respectively. For such a module V , 
it has the decomposition 

V= Vp, (1.19) 

where 

= {v G V | (d - /3(d)) n (v) = for d £ 2$ and some n G Z + }. (1.20) 

We set 

={«eV|(9- /3(<9))™+» = for 9 G 0}, /? G F i2+ ' 3 , n > 0. (1.21) 

Clearly, Vp = [J nm V^ n) and Vp ? {0} ^ (0) ^ {0}. 

A module V of l 2 , h, 0; T) is called a generalized weight module if it has the 

decomposition (11.19j) . For ft G F' 2+ ' 3 , if Vp ^ {0}, then Vg is called the generalized weight 
space with weight (3, and Vg is called the weight space with weight (3. Moreover, we call 

dim Vp the weight multiplicity corresponding to weight (3. 

The aim of this paper is to classify all the irreducible and indecomposable generalized 
weight modules of y(h, h, h, 0; T) with weight multiplicities equal to or less than one. 
Since our investigations are based on the previous result [2], we only consider the non- 
graded divergence-free Lie algebra 5^{f\, l 2 , h, 0; T) with l 2 + 1 3 > 3. When l\ + l 2 = 1, the 
Lie algebra y(h, h, h, 0; T) does not contain the whole vector space Ql, which means we 
don't get the generalized weight module. The case l\ + 1 2 = 2 will be studied later due to 
a technical difficulty The main result of this paper is the following theorem: 

Theorem 1.1 Suppose 1% + I2 > 3 and l 2 + I3 > 3. Assume that V = ®p e¥ i 2 +h Vp is a 

generalized weight module of y(h, l 2 , hi 0; T) with dimV^ '' < 1 for all f3 G F' 2+ ' 3 . If V 
is irreducible or indecomposable, then V is either isomorphic to the 1-dimensional trivial 
module Ft>o, or isomorphic to the module for appropriate /i G F /2+ ' 3 , where A^ is the 
module with ¥ -basis {v a ^ \ a G V, i G N' 1+ ' 2 } and the following action: 

D Ptq (x a t i ).vi3j 

= {x a t\a p d q - a q d p ) + i p x a f' x ^d q - t/t w w^).« w 

= {u P {f3 q + fi q ) - a q ((3 p + ii p ))vp +aii+j + (j q a p - i q (/3 p + fi p ))vp +ati+j ^ 1[q] 

+ (i p (/3 q + fi q ) - j p a q )vp +a!i+j _i [p] + (i p j q - i q j p )vp +a , i+j _ 1[p] _ 1[q] (1.22) 

for a, (3 G V, i,j G W 1+l2 and p,q<E 1,1 with p ^ q. 

This paper is organized as follows. In Section 2, we give some properties of the 
Lie algebra S?{1\, l 2 , I3, 0; T) and the ^-module A^. Moreover, we review our earlier 
classification theorem on the multiplicity-one representations over the graded divergence- 
free Lie algebras (cf. [2]). In Sections 3 and 4, we prove the main theorem. 



2 Some properties 

In this section, we would like to digress to give some properties of the Lie algebra 
<y(h, h, h, 0; T) and the ^-module A^, which are useful for the proof of the main theorem. 
We always assume that l\ + I2 > 3 and I2 + ^3 > 3 in the present and the following sections. 

For I2, h, 0; r)-module A^, it is easy to verify: 

Proposition 2.1 (1) The module A^ is irreducible if and only if [i G" T. 

(2) When fi G T , A^ ~ Aq is indecomposable, and it has the trivial submodule Fv-^o- 
The quotient module A'^ = A^/Wv^^o is simple. 

(3) The possible isomorphisms between modules of type A^ are: A^ ~ A v iff ^ — 1] G T. 

We would like to remark that, the simple quotient module V = A' = Aq/Fvq^ is a 
generalized weight module of y{h, h, h, 0; T) with weight set T; and we have dim = 
li + I2, dimVp ^ = 1 for all G T\{0}. The following conclusion will be frequently used 
later: 

Lemma 2.2 Let T be a linear transformation on a vector space U, and let U\ be a 
subspace of U such that T(U\) C U±. Suppose that u\, u 2 , ■ ■ ■ , u n are eigenvectors ofT 
corresponding to different eigenvalues. IfYTj=\ u j e U%, then u\, U2, ■ ■ ■ , u n G U\. 

Proposition 2.3 The Lie algebra ^(h, h, h, 0; T) is generated by 

{D m (x a ), D M (t j ) \p,qE Tj, a G T\{0}, j G N h+h with \j\ < 2}. (2.1) 

Proof. Denote by X the Lie subalgebra of ^(/i, / 2 , / 3 , 0; T) which is generated by the 
set d2HI>. It suffices to prove JT = y{h, l 2 , h, 0; T). By (JTJ) and fll~T4"j) . we have 

D p , q (x a f) = x a t\a p d q - a q d p ) + ipX^'^dq - i^f'^dp (2.2) 

for p, q G 1, 1, a G V and i G N il+Z2 . Then we proceed our proof in two steps. 

Step 1. Dp^x ?) G X for any p, q G 17, a G T\{0} and i G W 1+h . 

We prove this step by induction on |i|. By (12.11) . we know that this holds when |i| = 0. 
Assume that 

Dp^f) G X for any p,qelj, aE T\{0}, i G N h+h with |i| < k, (2.3) 

where k > 0. It suffices to prove D p ^(x a t 1+1 ^) G Jff for all p, q G 1,1, a G r\{0}, 
r G l,h + l 2 and i G W 1+h with |i| = k. 

Fix any a G r\{0} and i G N Zl+ ' 2 with i| = k. Choose s G 1, 1 such that a s 7^ 0. Then 
for any p, q G 1, 1 and r G 1, h + h\{s}, we have 

[D M {x a ^),D r>a {^)] 
= 2[x a t\a p d q - a q d p ) + ZpX * 1-1 ^]^ - i q x a f- l ^d p , t^ds] 

= 2(5 p , r D s , q (x a t i ) - 5 q>r D aJP (x°^) - i s Dp iq (x a t i+1 ^-Hsi) _ a s D p ^x a t i+1 ^)). (2.4) 

Thus by (12.41) and the induction hypothesis (12. 3p . we find 

D Ptq (x a t i+1 M) G Jt for p,q e Tj, r G 1,^ + / 2 \{s}. (2.5) 

If s G" 1, Zi + 12, then it is done. Consider the case that s G +l 2 - If ov 7^ for 
some s' G l,/\{s}, then with s replaced by s' in the above arguments, we can get 



Dp, q (x a t 1+1 w) E X for p,q E 1,/. Otherwise, we have a r = for all r 6 l,Z\{s}. 
Pick r G 1, /i + Expressions ( 12. ip and (12. 5p give 

= -2{{i r + l)D Piq (x a t i+1 ^) + S p , s D gir (x a t i+1 ^) - 6 q;S D p>r {x a t i+1 W)) (2.6) 
for p,q El 1,1. So this and (12. 5p indicate 

D M (x a t i+1 W) EX for p, q E TJ- (2.7) 
To summarize, (12. 5 p and ( 12. 7ft show 

D M {x a t i+1 ^) E X (2.8) 



for p,q E 1,1, a E T\{0}, r G l,h + h and i G W 1+l2 with |i| = fc, which completes the 
proof of the step. 

Step 2. Dp^t 1 ) E X for any p,q ElJ and iE N h+h . 

We shall prove this step by induction on |i|. When |i| = 0, D p ^ q (t l ) = for any 
p,q E 1,1. Assume that 

D P a(lt) E X for any p, q E TJ, j G ^ h+h with |j| < k, (2.9) 

where k > 0. It suffices to prove D p ^ q (t l ) E X for all p, q E 1,1 and i G N il+ ' 2 with 
|i| = k + 1. Suppose p ^ q and |i| = k + 1 in the following. We give the proof in several 
cases. 



Case 1. p, q E l\ + 1% + 1, I. 
In this case, D p q {t x } = 0. 



Case 2. p,q E 1, h + h- 



Pick r G h + 1, l\{p, q}. Choose a E T\{0} such that a r ^ 0. Then (Q and Step 1 
indicate 

9 [D 1 . !q {x a t i ),D r ^{x- a )} 

= [x a t [ (a r d q - a q d r ) + i r x a ^- x ^d q - i^f'^dr, x- a (a p d r - a r d p )] 
= a 2 r D m (f) + a r a p D qtT {t) + a r a q D rjP (f) + a p i r -Dg,r(* i-1[rl ) 

+a r i p D r , q (t i - 1 w). (2.10) 

By the induction hypothesis (12 .9 j) . we get 

a 2 r D M (f) + a r a p D q , r {f) + ovc^A^t 1 ) G JT. (2.11) 

Since 

[ J D M (t 1 w+ 1 M) )J D Pi9 (t i )] = {i q -i p )D p>q {f), (2.12) 

[ J D P)? (t 1 M+ 1 w), J D 9ir (t i )] = (i, -i p - l)L> ? , r (f), (2-13) 

[ J D Pi? (t 1 w +1 M), A, p (f)] = (i g - i p + 1)^^), (2.14) 
we have £>„,,(**) G JT by (J2HD and Lemma O 



Case 3. p E 1, l\ + ^2, gGli + ^ + M' 



Pick sel,h + k\{p}- Case 2 tells that D Pft (f) G X. So by (JSHJ) and (J22D, we have 
# ^ \VsA^)\ = ipt^dg = D M (f). (2.15) 

Case 4. p G Zi + Z 2 + 1,/, q G l,/i + Z 2 - 

We have D p>q (tf) = G JT by Case 3. 

So this step holds. 

Thus, from (11.151) we see that = ^(Zi, ^ Z3, 0; Y). So this proposition holds. □ 
We also have: 
Corallary 2.4 The set 

{D p>q {x a f) | p, g G M, ae T\{0}, i G N h+h } (2.16) 
generates the Lie algebra I2, 13, 0; T). 

Proof. Denote by J^' the Lie subalgebra of J/^(Zi, Z2, Z3, 0; T) which is generated by the 
set (12.161) . By Proposition 12.31 it suffices to prove D p>q {t l ) G JfT' for all p, q G 1,1 and 
i e fqh+h wit h |i| < 2. Notice that Span^L^^M) \p,qelj, r G l,h + h} = 3. So 
first, we need to prove *3l C J^ 7 . 

Fix some r G Zi + 1, 1. Choose a G T such that a r 7^ 0. Pick p G 1, Zi + ^{r}. Then 
for any q G 1, /\{r,p}, we have 

X' 3 [D r>q (x a t 1 W),D 1 , p (x- a )} 

= [x a t 1 ^ (a r d q — a q d r ) 1 x~ a (a p d r — a r d p )} 

= a r (a r d q — ot q d r ) (2-17) 

by (12.161) . Namely, we obtain 

a r d q — a q d r G Jf' for q G 1, l\{r,p}. (2-18) 

By picking another p G l,h + hXir}, we can get 

a r d q - a q d r E JtT' for q G T7T\{r}. (2.19) 

Take r' G /1 + l,/\{r}. Choose (3 G T such that /3 r 7^ and a r( 5 r ' — a r >(3 r 7^ 0. With a 
replaced by (5 in (I2.17p -( 12~T9|) . we can get that f3 r d r > — /3 r >d r G Jt'. Since (I2.19p also gives 
a r d r i — a r /d r G Jf, we have 

d r = — — — -(p r (a r d r/ - a r ,d r ) - a r (p r d r , - f3 r ,d r )) G X' . (2.20) 

a r p r i — a r 'p r 

Thus, from (127191) and (127201) we deduce 

9 C JT'. (2.21) 

Second, we want to prove t 1 ^^ G J£T' for any p E l,h + h and g G 1, l\{p}- 
Fix any pe 1, l\ + l 2 . Pick r G /1 + 1, Z\{p}. Choose a G T such that a r 7^ 0. Then 
for any q G 1, Z\{r,p}, we have 

Jf' 9 [D r>ff (z a t 2 w),iP r>p (a:- a )] 

= [x a t 2 ^ (a r d q — a q d r ),x~ a (a p d r — a r d p )] 

= 2a T i 1 M (a r d q - a q d r ) (2.22) 



by flZJEp . Namely, 

t 1 W(a r a 9 - a q d r ) G X' for g G T^\{r,j9}. (2.23) 

Pick r' G /i + 1, l\{r,p}. Choose (3 G T such that /3 r 7^ and a r f3 T > — a r /f3 r 7^ 0. Likewise, 
we can get ^M^^/ — /3 r '<9 r ) G Jf'. Since (I2.23j) gives (a r 9 r / — a r >d r ) G J*T', we have 

t x \p\d r = — — — ^{Prt 1 ^ (a r d r > - a r ,d r ) - a r t 1 ^ ((3 r d r , - f3 r ,d r )) G Jt' . (2.24) 

a r p r i — a r '(j r 

So (I2T23D and ( 12~24j) show 

£ x Md ? G JT for all p G 1, Z x + Z 2 and g G U\M- (2.25) 

Third, we want to prove that t l ^d q — t l ^d p G Jf' for any p, q G 1, Zi + Z2. 
Fix any p, q G 1, Zi + Z 2 . We further suppose that p 7^ g. Pick r G 1, Z\{jo, g}. Choose 
a G T such that a r 7^ 0. Then (12. 16[) indicates 

JT' 9 [ J D rj9 (x a t 1 w+ 1 M), J D riP (x- a )] 

= [x a t 1 w +1 w (a r 0, - a,0 r ) - xVm^., x~ a (a p d r - a r d p )} 
= a 2 r {t 1 ^d q -t 1 ^dp) + a r apt 1 ^d r -a r a q t 1 ^d r -a r d r . (2.26) 
So by f[2~2Tj) . fl2T25D and (12T26D . we have 

t^d, - t^dp G JT' for all p, q G l,Zi + Z 2 . (2.27) 
In summary, (jX25]) and fl2~2TD give 

I p, g G 177, i G N h+h with |i| < 2} C Jf '. (2.28) 
So the corollary follows from (I2.16p . ( I2.28P and Proposition 12.31 □ 

Last, for convenience of the reader, we shall review below the multiplicity-one repre- 
sentations over the graded divergence- free Lie algebras [2]. 
By (fL9]) and (HTTP , we have 

d(x a ) = d(a)x a for a G T and d G 0; (2.29) 

(^ 2 + ^3) (a) = {0} with a G F i2+ ' 3 , iff a = 0; (2.30) 

d(r) = {0} with 9Gf 2 + f 3l iff 9 = 0. (2.31) 

Denote 

ker/3 = {9 G ^ | d((3) = 0} for (3 G F' 2+ ' 3 . (2.32) 
Then the main classification theorem in [2] is: 

Proposition 2.5 Suppose I > 3. Assume that V = © egr Vq is a T-graded ^(0, 0, Z, 0; T)- 
module with dimVe < 1 for 9 G V. If V is irreducible or indecomposable, then V is 
isomorphic to one of the following modules for appropriate /i 6 F ; and r\ G F'\{0}: 

[i)the trivial module Ft> , [ii)M!^ {iii)A n , (iv)B v , (2.33) 

where M.^, A n and B v are J?(0, 0, Z, 0; Y)-modules with basis {v a \ a G T} and the following 
actions: 

M^: x a d.v p = d((3 + n)v a+p for a G T\{0},/3 G T, d G kera; (2.34) 

A v : x a d.vp = d(/3)v a+ p for a, (3 G r\{0},<9 G kera, 

x a d.v = d(r})v a for a G r\{0}, d G kera; (2.35) 

B v : x a d.vp = d((3)v a+ p for a G T\{0}, (3 G r\{-a}, d G Zcera, 

x a d.v. a = d{r])v for a G r\{0}, d G Zcera, (2.36) 
and M.'p is denoted as the only nontrivial irreducible quotient module of M.^. 



3 Proof of the main theorem (I) 



Suppose that V is a generalized weight mo dule of y(h, l 2 , l 3 , 0; T) with dim < 1 
for all G F' 2+/s . Let 

7(/i) = 0y a+fl for /i G F' 2+ ' 3 . (3.1) 
aer 

Then V(p) is a submodule of V, and V is a direct sum of V{ii) for different ji G F' 2+/3 . 
So, if V is irreducible or indecomposable, we must have V = V{p) for some fi G W l2+l3 . 

By Proposition I2.3[ we only need to derive the action of the set (12. ip on V = V(/i). 
Except the trivial case in Lemma [3~T| we should determine a basis of V = V(p), and then 
derive the action of the set (12. ip on the basis. For the nontrivial cases, we shall first give 
a general discussion for any /i G F' 2+ ' 3 , then prove the main theorem for /i G F ?2+ ' 3 \r at 
the end of this section, and last prove the main theorem for p, G T in the next section. 

Lemma 3.1 If ^ {0} for some a G T, and = {0} for all p G r\{o~} ; then 

a + fi = 0, and V = V (0) is a 1- dimensional trivial ^{h, h, hi 0; T)-module. 

Proof. By (3.1), we have V = V a+ ^. Therefore, 

D P:g (x^f).V a+ ^ = {0} for all p, q G Tj, 7 G T\{0}, i G N h+h (3.2) 

by (ll.2ip . Moreover, Corollary 12.41 gives rise to 

J?(l 1 ,l 2 ,h,0;T).V a+lt = {0}. (3.3) 

So V = V a+fM is a direct sum of trivial submodules. Since V is irreducible or inde- 
composable, we must have V = V^+„ as a trivial ^-module. As one result, we get 
d.V}% = {0} for all d E @ 2 + which implies a + // = 0. So 7 = V (o) , and it is a 
trivial ^(h, h, h, 0; r)-module. This completes the proof of the lemma. □ 

In the rest of the paper, we shall always assume that 

{0} and V p % ^ {0} for some a, p G T with a ^ p. (3.4) 
Ko) / mi „„a t/(°) ^ Jnl ^ ^ ^ r ^- ^ ^ t/(°) 



Lemma 3.2 // Km-u 7^ {0} an< ^ v+-« ^ {^l / or some £ T °~ P> then Vy+„ ^ 
{0} /or a// 7 G r\{— /i}. Moreover, there exist nonzero i> 7)0 G rai/i 7 G /i}, 

D p>q (x a ).v^ = x a (a p d g - a q d p ).v 1 , = (« P (7 g + Hq) ~ « g (7 P + /^))*W 7 ,o (3.5) 
/or p,q E 1,1, a E T\{0} and 7 G r\{— fi}. 
Proof. Since 



y := Span ¥ {D p>q (x a ) | p, q G h + 1, Z, a G T\{0}} ~ ^(0, 0, / 2 + Z 3 , 0; T), (3.6) 

we can see = ® aer L as a T-graded ^-module with dimV^ ) > 2 and dimVj+ /t < 
1 for all a G 17 So first of all, we need to prove: 

Claim 1. y .V^ + {0}. 

Suppose y .V ( V = {0}, namely, V<® is a direct sum of some trivial ^o-submodules, 
then we will get a contradiction. 



Since Vj+p 7^ {0} and V^+ M 7^ {0} for some a, p G T with a 7^ p, we have Vg^ 7^ {0} 
for some 9 G T\{-p}. Fix G r\{-/i} satisfying ^ {0}. 

Let a = a + /i for all a G T. Since 7^ 0, we can choose r G Zi + 1, 1 such that 
# r 7^ 0. Pick p G + Z 2 \{r} and s G l\ + l,/\{r,p}. Choose a G T such that a r 7^ 
and 9 r a s — 9 s a r 7^ 0. Moreover, we let 

d = 9 r d s - 9 s d r , & = a r d s - a s d r , d" = (9 r - a r )d s - (9 S - a s )d r . (3.7) 
From fll.2ip it can be deduced that 

^<C^, ^^C^, (3.8) 
Take 7^ i> # G . So on one hand, we have 

fl'.Ufl = #(0)i; e = -(0 r a s - 0.a r )v fl 7^ (3.9) 
by (OB . On the other hand, flM]) and ^b-1 /(0) = {0} give 

x a t l ^d'.v e 



9(a) 

1 -(i^.^wa^j-^wai^'.w,,) 



(9 r a s — # s a r 

(3.10) 



and 



= {0}, S ' ' (3.11) 

which further implies 
d'.v e 

= [x a t 1 ^d', x~ a (a r d p — a p d r )].vg 

Gty 

= - — (x a t 1 ^d'.(x- a (a r d p - a p d r ).v e ) - x- a (a r d p - a^^t^d' .v e )) 

= 0, (3.12) 

where in the third line of (I3.12p . we have x~ a (a r d p — a p d r ).v$ G Vg_ a+ . Since (13 . 1 2 j) 
contradicts (13.91) . we must have S^q.V^ 1 7^ {0}. Thus this claim holds. 

Note that V (0) = aer is a T-graded ^o-submodule with dimV {0) > 2 and 

dimV^+ M < 1 for all a G T. Moreover, Claim 1 shows that is not a direct sum of 
some trivial J?o-submodules. So Proposition 12.51 implies that, there exists rj G F' 2+ ' 3 such 
that ^ {0} for all 7 G r\{— 77}, and that we can choose nonzero t> 7) o G with 
7 G r\{— r]} such that 

D Pjq (x a ).v Jj0 = x a (a p d g - a q d p ).v lfi = (a p (% + rj q ) - a q {^ p + r] p ))v a+Jj0 (3.13) 



for p, q G h + 1, Z, a G r\{0} and 7 G 77, —77 — a}. 



So next, we need to prove: 
Claim 2. rj = \x. 

It suffices to prove d(r) - y) = for all d e @ 2 + % = J2ieh+Ti ¥d * ( cf - QUOD )- 
. c T/ (0) ^ ' ' 

Case 1. I > 4. 



Choose f 7i o G for 7 G r\{— 77} as in ( 13. 13H . We give the proof in two cases 



Pick r G 1, ii if h > or r G 1, Z 2 if Zi = 0. Take s G Zi + 1, Z\{r}. Choose a G T\{0} 
such that a s 7^ 0. Moreover, we choose 7 G T such that 7 + 777^07^7 + 0: + 77. Then we 
must have 

{0} 7^ ker(7 + /j)p|kerap| ( ^ F$) C kerfo - /i). (3.14) 

Suppose there exists 

0^<9Gker( 7 + /+)p|kerap|( ^ Fo>;)\ ker(77 - //). (3.15) 

!e5+lJ\{r} 

We will see that this leads to a contradiction. By (ll.2ip and (I3.15p . we have 

^13.^0 G v}}% and ^19.^0 e V^ a+fl . (3.16) 

So t 1 ' r i(9.f 7i o = cv 1)0 for some c G F. Since (13. 13f) implies 

= [ x a d,^d\.v lja 

= x a d.(t l ^d.v 1 p)-t 1 ^d.x a d.v 1 $ 

= c<9(7 + r/K+a.o - 5(7 + r/)t 1 M9.^ 7+Qi o, (3.17) 

and (13.151) indicates d(j + 77) = <9(t7 — //) 7^ 0, we find ^H^.Uy+^o = cf 7+aj o. Thus (13 .131) 
and (13.151) give rise to 

^ d(j + r})v 1+CCj0 
= x a d.v Jj0 

= - — [Dr^^dj.V^o 

= - — (cD riS (x a ).v J>0 - t^d.(D r , s (x a ).v li0 )) 
= — -(cD rtS (x a ).v^ - cD r , s (i").t; 7i o) 

= 0, (3.18) 

where in the fourth line, D T ^ s (x a ).v 1>0 = (o r (7 s + r) s ) — a s (jr + ? 7r))^7+a,o by (I3.13p . This 
is a contradiction. Thus (13. 14j) holds. By changing the choice of 7 in (I3.14p . we can get 

ker«P|( Wdi) Cker(Tj - fi). (3.19) 

ieII+TAM 

Moreover, by changing the choice of a, we further find 

Y F9i C ker(r/-/i). (3.20) 

ieh+lj\{r} 



Recall that r G 1, l\ if l\ > and that r G 1, Z 2 if h = 0. In the case that r G l,^ by 
picking another r G 1, we can always get 

F<% Cker(?7-//). (3.21) 

So (E201) and (13T2TD show 

d(r) -fi)=0 for all d G F<%, (3.22) 

which implies rj — fi. 
Case 2. / = 3. 

Since l\ + 1 2 > 3 and Z 2 + ^3 > 3, we have /i = Z 3 = and l 2 = I = 3. 

Pick r G 173. Take s G M\{r}. Choose a G T\{0} such that a s ^ 0. Then 

dim(kerap|( ^)) = 1. (3.23) 

Picking 7^ (9i G ker a f"| ( X^eT3\{r} > we shall first prove that 

&(77-/i) = 0. (3.24) 
Choose 7 G T such that 7 + 777^07^7 + + 77 and 

^(27 + 7^ + ^)^0. (3.25) 

If 

a 1 ( 7 + /i) = 0, (3.26) 
then similar arguments as those in Case 1 give (13.241) . If $1(7 + y) ^ 0, namely, 

ker(7 + / J )f|ker«f)( ^ F$) = {0}, (3.27) 

iel^\{r} 

we pick 

0^4 G ker( 7 -« + //) P| ( ^ Ffife). (3.28) 

iel^3\{r} 

Then <9 2 } is a basis of X]jeT3\{r} Take 
^ d G ker(7 + /i)p| ( ^ F9») , 7^ 9' G ker a p|ker( 7 + 77), ^ d" G ker a. (3.29) 

ieXS\{r} 

It follows that d = aid\ + a2<9 2 for some ai,a 2 G F\{0}. So on one hand, by (11.211) we 
have 

[x~ a d", [x a & ,t l ^d]\.v^ Q 
= d{a) ■ {d\t l ^)d" - d"(t l M)d').v J:0 
= <% - 7 - /j) ■ (d'(t 1 ^)d" - d"(t lw )d')(7 + /^K,o 
= -aA{l + fi) ■ {d'it^d" - d"(t 1 ^)d')( 1 + /y> 7)0 , (3.30) 



where in the third line we use the fact that <9(7 + /i) = 0, and in the fourth line we use 
d = aidi + a 2 d 2 and (13.281) . On the other hand, by (13.131) and (I3.29j) . we have 

[x- a d",[x a d',t 1 wd}}.v 7!0 
= x~ a &' .x a & .(t^d.v^o) - x- a d".t 1 ^d.x a d'.v~ (:0 

-x a d'.t 1 Md.x- a d".v^ + t 1 ^d.x a d'.(x- a d".v^ ) 
= -x a d'.t 1 Md.x- a d".v, h o 
= -d" (7 + 7 1 )x a d'.t 1 M (aA + a 2 d 2 ). Vl _ afi 
= -aid" (7 + r])x a d'.t 1 ^d 1 .v^ at0 
= -a 1 d"( 1 + r ] )[x a d',t 1 Md l ].v^ 
= -aid" (7 + rj) ■ 9 , (t 1 M)^^i-^-a,o 

= -a 1 9'(t 1 M)-«9 1 (7 + r ? )-9"( 7 + r/Ko, (3.31) 

where in the second equation t l ^d.v lt0 G VjW„ and x~ a d".v li0 G K,_ a+ „, in the fourth 

equation t l ^d 2 .v 1 - afi G V^j^ and x^^Hda.u^o) = 0. If d'it 1 ^) = 0, by taking 
7^ d" G ker a f > |ker(7 + /i) and by comparing (13.301) with (13.311) . we get d"^ 1 ^) (cf. 
(13.271) ) and 9' (7 + /1) = 0, which together with (I3.27P and 03.291) further implies 

0^9'Gkerap|ker( 7 + / u)p|( ¥d i) = {°>- ( 3 - 32 ) 

i€U\{r} 

This is absurd. So we must have 9'(t 1 w) 7^ 0. Therefore, taking d" = di and comparing 
(I3T5UD with (I33T1) . we get 

0i(7 + ^)) 2 = 1 ( 7 + /i)) 2 . (3.33) 
Thus by (13T25|) and fl3~33|) . we find 

Bi{r]-^) = 0. (3.34) 
So (13.241) holds. In other words, we have 

kerap|( ^ F<9j) C ker(?7 — /x). (3.35) 

So by changing the choice of a, we can get 

^ F<9; C kerfa-//). (3.36) 

ieT^5\{r} 

Moreover, by picking another r G 1,3, we further obtain 

@= J2 ¥d i ^ ker(r/-/i), (3.37) 

which indicates r] = /i. So this claim holds. 

Claim 2 shows that V^+ M 7^ {0} for all 7 G /x}, and that we can choose nonzero 
t> 7 ,o G V^°„ with 7 G /i} such that 

D Ptq (x a ).v li0 = x a (a p d q - a q d p ).v 7fi = (a p (7<? + Hq) ~ a q {l P + V P ))v a + 7 ,o (3.38) 



for p, q G h + 1, I, a G T\{0} and 7 G /i, —a — /i}. Then we want to prove: 
Claim 3. If /i G T, then 



£>p, g O a ).<u_ M _ ai o = for all a G T\{0} and p, q G Zi + 1, Z. (3.39) 

Suppose 

D P , g (x a ).«-,- a ,o ^ (3.40) 



for some a G T\{0} and p, g G l\ + 1,1, then this will lead to a contradiction. Choose 
r G Zi + 1, Z such that a r 7^ 0. Then (13.401) implies that, there exists some s G Zi + 1, Z\{r} 
such that 

x Q (a r <9 s - a s <9 r ).u- M - Q ,o 7^ 0. (3.41) 

Fix such s. By f l3^0|) we have K {0) 7^ {0}. Take nonzero f- M ,o £ ^o^- Moreover, we pick 
p G + / 2 \{r, s}. It follows from (TOT]) that 

t x w (a r d s - a a r )-^-a,o e yi°J and t^i (a r <9 s - a s d r ).v^ G K (0) . (3.42) 

So ^^(ctrds — a s 9 r ).f -^-0,0 = cv-^- at Q for some c G F. Since 

^(ards - a s d r ).(x a (a r d s - a s d r ).v_^ ai0 ) 
= x a (a r d s - a s <9 r )-(£ 1[pl (a r <9 s - a s d r ).v^^ afi ) 
= c(x a (a T d s - a s <9 r ).f_ M _ ai0 ), (3.43) 

we find t l ^(a r d s — o. s d r ).v^^ = cv_^ by (I3.4ip . Thus 

x a (a r d s - a s d r ).v^^ ai0 

= — [x a (a r d p - a p d r ),t 1 ^ (a r d s - a s d r )].v^^ ai0 

= —{x a {a T d p - a p d r ).(cv^^ afi ) - c(x a (a r d p - a p d r ).v^ a)0 )) 
= 0, (3.44) 
which contradicts (I3.4ip . So this claim holds. 
Moreover, we have: 
Claim 4- If h > 0, then 



x a d p .v 1:0 = for all p G 1, h, a G T\{0} and 7 G r\{-//}. (3.45) 



Suppose that there exist p G 1, l\, a G T\{0} and 7 G r\{— fi} such that 

x a d p .v J:0 ^ 0, (3.46) 



then we will get a contradiction. Choose r G Zi + l,Z such that a r 7^ 0. Pick q G 
hh + h\{p, r}. By flOU, we get 

^W^.^o e and t^fi^T+a.o G V# } a+M . ( 3 - 47 ) 
So t w9p.u 7i o = cf 7i o for some c G F. Moreover, 

t 1 Md p .(x a d p .v lt0 ) = x a d p .(t l Md p .v Jt0 ) = c(x a d p .v^ ), (3.48) 



which together with (I3.46j) implies t l Md p .v 7+0lt o = cv 1+a $. Thus 
x a d p .v lt0 = -^-{x a (a r d q - ctqd^^^dpl.v^p 

= — (x a (a r d q - a q d r ).(cv 1)Q ) - c(x a (a r d q - a q d r ).v l0 )) 

= 0, (3.49) 

which contradicts (I3.46p . So this claim holds. 

In summary, Claims 2-4 tell that V^+L 7^ {0} for all 7 G r\{— yu}, and that there exist 
nonzero t> 7i o G VjW„ with 7 G r\{— fi} such that 

D p , q (x a ).v 1)0 = x a (a p d q - a q d p ).v 1)0 = (a P (7g + Vq) ~ «g(7 P + A*p))*W 7 ,o (3.50) 
for p,q E 1,1, a E T\{0} and 7 G r\{— //}. This completes the proof of the lemma. □ 

Lemma E2] enables us to choose nonzero t> 7i o G Vl+u with 7 G /i} such that 
L> Pi(? (x a ).t; 7i o = x Q (cy9 9 - a ff p ).i; 7i o = (a P (7 g + Atg) - « g (7 P + /^))*W 7 ,o (3.51) 

for p,g £ 1,1, a G T\{0} and 7 G /i}. Next, we define t> 7i i for 7 G r\{— yu} and 

7^ i G N' 1+ ' 2 inductively as follows: 

Let 7 = 7 + for all 7 G T. For 7 G and ^i G N il+ ' 2 , we define 



Pi = min{r G 1, h + l 2 \ i r ± 0}, (3.52) 



P(i) = {rel,h + l 2 \{ Pi } I i r 7^ 0}, (3.53) 



Q( 7 , i) = {r G /! + 1, l\{ Pi } I 7r ^ 0}. (3.54) 

Definition 3.3 We choose w 7i o for 7 G r\{— yu} as inose m / [ff. 51|) . Suppose that we have 
defined v 1: i for 7 G /i} and % G F^ 1+Z2 wit/i \i\ < k, where k > 0. H^e t/ien define t> 7i j 
/or 7 G /i} and i G N' 1+ ' 2 wift |i| = k + 1 in three steps: 

Step 1. Defining t> 7ji for the case that Q(j, i) 7^ 0. 

Set 0(7, i) = minQ(7, i). We define 

1 



(^^^■^Ww " VwI^Wum)- (3-55) 

7<?(7,i) 

S^ep Defining v lt i for the case that Q(j, i) = and P(i) 7^ 0. 

Set p(i) = minP(i). Since 7 + fi 7^ ana" Q(7, «) = 0, \3. 54\ ) indicates 7 Pi 7^ 0. We 



define 

v 7:i = —(t^Mdpi.v^^ - i^i.! ). (3.56) 
/Pi 

SYep Defining v lt i for the case that Q(7, i) = and P(i) = 0. 



5e£ s(i) = min{l,/! + Since (7, «— l[ p .j + l[ s (i)]) belongs to the Case in Step 

1 or Step 2, f 7 ,i-i [p ' u;as defined in h3. 55\) or 113. 56]) . Thus we can define 

v 7 ,i = ^^.b^i +i [<(ffl . (3.57) 



Then we want to derive the action of the set (12. ip on {u^j | 7 G /x}, i G N' 1+ ' 2 } 
defined in Definition 13.31 in several lemmas. 



Lemma 3.4 For any p G 1, Zi + Z 2; q G 1, l\{p} and (3 G r\{— /j,}, we have 



Proof. Let a = a + p, for all a G T. Define l[p]) for (3 G /x} and p6 1, ^ + Z 2 

as in (I3.52p - fl3.54p . We divide (3 G /x} and p G 1, /1 + / 2 into two cases. 

Case 1. Q{/3, l w ) ^ 0. 

Let r = min<5(/3, Then (I3.55j) shows 

< lw ^.u j8 ,o = ^,i w - ( 3 - 59 ) 



Fix some s G 1, l\ + h\{p, r}. Let d\ = (3 r d p — (3 p d r and <9 2 = (3 r d s — (3 s d r . Then 

9 1 (t 1 w+ 1 w)5 2 - 4(t 1[p,+lw )«9i = ^r (t lw <9 2 - t 1 ^) G ^(Z l5 Z 2 , Z 3 , 0; T). (3.60) 
Since (II. 21ft gives 

(t^d 2 - t^d^.v^o = ai^,o, ^(AS, - &$>&o = a 2 ^,o (3-61) 
for some a±, a 2 G F, we have 

^ W (M - &0r)-%o = ^Hf 1 ^,* 1 ^ - t^d^.v^o = 0. (3.62) 



Moreover, from ( 11. 21ft it follows that 
So 



t x H - ^9 r ).^, G for g G 1, Z\{p, r, s}. (3.63) 



t lM (^«9 g - P q d r ).v Pt0 = ht^iflrds - m),t^(M q - p q dr)].v p>0 = (3.64) 

Pr 

for q G Tj\{p,r, s}. Since /3 r ^ 0, ((223} , (EH and (EH]) imply 

* lw 9,.^,o = (A, + ^)%i w for 9 e T7T\{p}. (3.65) 
Case 2. Q(/3, l [p] ) = 0. 



Pick s G 1, l\ + h\{p}- For any gel, l\{p, s}, ( \1.21h and Q((3, l[ p j) = give rise to 
t lM d s .V/3 >0 = hvpfl and t x ^d q .vp >0 = b q v P)0 (3.66) 
with some b\, b q G F. So 

t^d q .v Pt0 = [t 1 tod a Jwd q \.vpj a = (3.67) 



for gel, l\{p, s}. By picking another s G 1, h + l 2 \{p}, we can get 

fr ] d r Vp,o = = ((3 q + » q )v p>lb>] for q G TJ\{p}. (3.68) 
This completes the proof of the lemma. □ 



Lemma 3.5 For any G r\{— fi} and p,q G 1, 1% + l 2 with p 7^ q, we have 

D 3iP (t 1 w +1 w).^ i0 = (pnd p -fr<Ad q ).vp,o 

= (P P + fh) v P,i\p] ~ (A? + N) v P,i {q] • ( 3 - 69 ) 



Proof. Let a = a + \i for all a G T. Pick any (3 G /x} and p,q G + / 2 with 

p ^ q. Then we shall give the proof in two cases. 

Case 1. There exists s G l,l\{p, q} such that j3 s 7^ 0. 

Let (9i = /3 S <9 P — (3 p d s and <9 2 = /3 s 9 g — f3 q d s . Then 

= p 2 s (t^w p - t^d q ) + p.fa&wd, - p p t^d t ) 

= ^D ffjP (t 1 w +1 w) + W q t^d s - /3 p t l ^d s ) (3.70) 
So by (I3.70p and Lemma [33, we have 

D 9jP (t 1 w +1 w).^ i0 

Ps 

which coincides with (13.691) . 

Case 2. (3 S = for all s G Tj\{p, q}. 
Subcase 2.1. /3 P 7^ and /3 9 = 0. 

Take r = min{l, / x + l 2 \{p}}. By (13.571) we know that 

«/9,i w =* lw ^,i M - ( 3 - 72 ) 
Since /3 g = and /3 r = 0, Lemma [3^1 tells that 

A, ? (t 1 M+ 1 H).^ )0 = (t 1 ^, - ^wa^.v^o = [t 1 ^,* 1 ^].^ = 0. (3.73) 

So fl3T72D . (jSZTSD and Lemma S3] imply 

O w (t lH+lM )% = +D r>q (t L M +1 u)).vp, 

= t 1 wd r .(p p v Ptllr] ) 

= PpVf* w (3-74) 

which coincides with (13.691) . 

Subcase 2.2. j3 p = and {3 q 7^ 0. 

We go back to case 2.1 by interchanging p and q, namely 

A^w^m).^ = -iJ^w^).^ = -P q vp t i w (3.75) 

which coincides with (13.691) . 

Subcase 2.3. (3 p 7^ and (3 q 7^ 0. 



Pick r E 1, li + l 2 \{p, q}, then j3 T = 0. By Subcase 2.1, we know that 

A-, P (t lw+lM )-^,o = &v/j,i w , (3.76) 

D riQ (t 1 M +1 M).vp, o = q v f) , lb>] . (3.77) 
So the difference of the above two equations is 

= to»,i w ( 3 - 78 ) 

which coincides with (I3.69p . 

This completes the proof of the lemma. □ 

Lemma 3.6 For any p E 1, l\ + l 2l q E 1, l\{p}, (3 E T\{—fi} and i E N' 1+ ' 2 , we have 

t^dg.v^i = (p 9 + fi g )v^ i+1[p] + i 9 v Aif i w _i w . (3.79) 

Proof. Let at = a + fi for all a E T. We give the proof by induction on |i|. Recall 
that Lemma 13.41 has given the proof for the case |i| = 0. Suppose this lemma holds for 
i E W 1+l ' 2 with |i| < k, where k > 0. Then it suffices to prove that (13. 79ft holds for 
i E N h+h with |i| = k + 1. 

Fix any (5 E r\{-/z} and i E N h+h with |i| = k + 1. It suffices to prove that fl3~79|) 
holds for all p E l,h + l 2 and q E Tj\{p}. Define p h P(i) and Q(/3, i) as in fl332|) - (l3~54j) . 
Then we give the proof in three cases. 

Case 1. Q(/3,i) ^ 0. 

Let q(/3,i) = minQ(/?,i)- Recall that (cf. fl3~55|) ) 

U /M = ^—{^dq^v-vp^ - i q{ p,i)Vp ti _ h ). (3.80) 

Pq(J3,i) 



Fixing any p E 1, l\ + l 2 , we derive the action of t wd g for gel, l\{p} in two subcases. 
Subcase 1.1. j3 g = for all q E 1, 

Expression (13.801) and the induction hypothesis give rise to 

t^d q .V^ = ■= (t^Wq.t^iWq^.Vp^ - i q0 }, l) t 1 Wd q .Vf i , l -i ) 

P<?(/3,i) 



'4) 

+ (K Pi tl[p]d ,W,i) - ^(/3,i)/ 1[Pil ^)^/3,i-l [Pi] ) 
= JJT^ ~ ^ > Pt)* 1[Pil ^(^,i)-^,i+l[ P ] -1 W -1 W " W-i/^-^i-l^.i)] 

= igUAi+iw-iw ( 3 - 81 ) 

for g E l,l\{p}, which coincides with (13. 79 p . 

Subcase 1.2. There exists q E l,l\{p} such that j3 q ^ 0. 

Take r = min{g E 1, | /3 q ^ 0}. First we want to derive the action of t l ^d r . 



If p < pi, then the definition of (I3.55P gives 

fwdr.vpj = P r vp,i+i [p] + i r vp ji+1{p] -i [ry (3.82) 
If p > pi, then by ( 13 .80 j) and the induction hypothesis, we get 

= X {i L wd q{/)A) .t L wd r .Vf, >i -. 1 . - i^t^dr.v^ 

Pq{PA) 

+{$r, Pi t llp] d qm - i #i i),/wa r ). %i _ lbil ) 
I 

= T, (PJ Wdq(fiil)-Vf),l + i H -1 W + (i r - ^pjt 1 ^ 1 ^,;).^,^! i i 

Aj(/9,i) 

— i 9G9 ( I) tlW .^,l-l h(/Stl)] + (5r, Pi t lbp] d qm) ~ SqWjfMdJ.VM-!^) 

= /3 r Vj3 ti+lb)] +i r t) /9) i +1[p] _i [r] , (3.83) 



where 

t 1[Pil ^ (/3 ,i).^,i + i w -i [Pi] 
= ff (/9,i)V/M+i w + (^(/3,i) + S q ^^ p )v^ i+llp] -i [q(m (3.84) 

because of p > pi and (13.551) . 

Next we want to derive the action of t^dq for q G l,l\{p,r}. By (I3.80p and the 
induction hypothesis, we have 

t^{p r d q -p q d r ).v^ 

= 5— (* lw (AA - %d r ).t l ^d q{ p^.v^i_ 1[pi] - i^t 1 ™ (p r d q - P q d r ).v^ lw i)] ) 
Pq{PA) 

= ^s—ftwdqVA-t^KPA - A^ r ). %i _i - i q[P ,i)t l M{(3 r d q - ^9 r ).^,i_i 

+((/?A Pi - PqSrvd^dqm) ~ S q (PA), P t llPl] ((3 r d q - f3 q d r ) ) .vm-i w ) 

= S (^ [Pi] ^(/3,i)-(/3r(« g - <W^/3,i+l w -l [ ,-l M - 0q(ir ~ S r , Pi )vp ii+ x i X ) 

Pq(PA) . - . , 

+ {{Mq, Pi ~ PqSrjJ&MdqW) ~ S q(P A) .P^™ (PA ~ Pqdr)) .«/9,i-l W 

-* 9 CS,i)* 1W (^r9 9 - ^r)-^,i-l [?W ,i)]) 

= ^ r * 3 v / 8,i+i M -i M _ /5 g i r t) ft i + i w _ 1[r] (3.85) 

for any q G L~7\{p,r}. Since (3 r + 0, (13T821) . ( |3~83l) and ( 13T851) indicate 

* 1[p] 9 g .^,i = ^Vj8,i+i w + i g ^ ii+1[p] _ 1[9] (3.86) 

for any q G which coincides with (13. 79 1) . 

Case 2. Q(/3, i) = and P(i) ^ 0. 
Let p(i) = minP(i). Recall that (cf. fl3~56|) ) 

= ip^l^.^i-i^ - ^%i-i [Pl] ). (3.87) 

The rest proof of this case is analogous to Case 1. We omit the details. 



Case 3. Q(/3, i) = and P(i) = 0. 

Observe that Q((3, i) = and P(i) = mean 

i r = and j3 r = for all r G 1, Z\{p ; }. (3. 



Pick any r G 1, Zi + Z2\-{j»i}. Then (/3, i — + lr r i) belongs to Case 1 or Case 2, which 
implies 

£ 1W <9 9 .V / ? ii _l [pi]+lw = /V/3,i-l [Pi ]+l M +l W + (h ~ $Pi,q + tfr,a)V/9,i-l W +l[ r] +l W -l h ] (3-89) 



for p G 1, Zi + Z2 and g G 1, Z\{p}. In particular, by (I3.88f) we have 

t l ^d r .v^_ 1[pi]+l[r] =v^. (3.90) 

So for any q G 1, Z\{pi, r}, we obtain 

t 1 ^^.^,! = * 1 MV 1 i«]d r .t; 4M _i w+ i [r] 
= t 1 W*.t 1 WS,.t; A ,_ lw+1[p] 

= (3.91) 



by (JSHD, fl3T89|) and fl3T90|) . By changing the choice of r G 1, Z x + Z 2 \{]?i}, we get 

^^.i = for q G lTT\{Pi}, (3.92) 

which coincides with ( 13.791) . 

Fix any p G 1, l\ + Z 2 \{pi}. Then (I3.55f) or (I3.56f) gives 

t^dp-.v^i = (3 n vp ti+l[p] + i w ^,i+i w _i w . (3.93) 



Pick s G l,Zi + h\{p,Pi}- By f l3T88|) . fl3T89|) and f l3T90|) . we have 

^9,^+1,^% (3.94) 

and 

^^-iw+i^O- ( 3 - 95 ) 
So for any gel, l\{p, Pi}, we get 

t^d q .v^ = t 1 w9 ? i 1 W5 s . %i _ 1[pi]+1[s] 
= 5 !) /w0,.t) /i(1 _ lw+lw 

= (3.96) 

by fl3T94j) and fl3T95|) . So in this case, fl3T79|) follows from fl3T92|) . f l3T93l and fl3T96|) . 
This completes the proof of the lemma. □ 

Corallary 3.7 For any j3 G i G M' 1+ ' 2 and p, q G 1, Zi + h with p ^ q, we have 

= (P P + H P )vp,i+i lp] - {fiq + V q )vp,i+i [q] + (i p - i q )v^i. (3.97) 



Proof. For any /3 G /i}, i G N' 1+ ' 2 and p, q G 1, l\ + I2 with p 7^ q, we have 
= t L wd q .t L Md p .v P)i - t^dp.t 1 ^ d q .v^ 

= {P P + /ip)%i+i w ~ (A/ + ^ 9 )«/9,i+i w + (V - ( 3 - 98 ) 
by Lemma [3.61 □ 

Lemma 3.8 For any r G 1, 1, (3 G /i} and * G N Zl+ ' 2 ; toe /iave 

9r-^,i = (A- + A*r)%i + V^,i-i w • (3.99) 

Proof. Let a = a + /i for all a G T. We shall prove this lemma by induction on |i|. We 
have already known that f!3.99|) holds when |i| = (cf. (11.211) ). Suppose that it holds for 
|i| < k, where k > 0. It suffices to prove flsjgp for r G Tj, (3 G r\{-//} and i G N il+ ' 2 
with |i| = k + 1. 

For any (3 G /x} and i G N' 1+ ' 2 with |i| = k + 1, we define p- u P(i) and i) as 
in (I3.52l) - (l3.54p . Then we give the proof in three cases. 

Case 1. Q(/3,i) ^ 0. 

Let q((3,i) = minQ(/3,i). Then (13.551) . Lemma [3761 and the induction hypothesis give 

Pq(P,i) 

= 5 (* 1W9 «(/M)-(&V/9,i-l w + (ir - ^pj^i-l 1 ) 

Pg(/3,i) 

+^,p i (/3g(/3,i)f/3,i-l [p . ] + ^(/3,i)W/3,i-l [pi] -l [?(/3ii)] ) 

-W.OW.i-lbW,!)] + _ ^:9(/3,i)) U Ai-l[,C/?,i)]-l W )) 
= pVffti + «V^,i-l [r) (3.100) 

for r6 1,1, which coincides with (I3.99p . 
Case 2. Q(/3, i) = and P(i) ^ 0. 

Let p(i) = minP(i). Then (13.561) . Lemma [3.61 and the induction hypothesis imply 
d r-vp,i = ■=-(t 1 w r >]d Pl .d r .v p , i -i [p{l)] + S r , p{i) d Pi .v^ 1[p(x)] - i Pi d r .v Pti - 1[pi] ) 

Ppi 

+5 r ,p(i)((3pi V P,i-l lp(i)] + ^i^/3,i-l [p(i) ]-l b .]) 
-ipSfirVM-l w + («"r ~ 5r,p>/3,i-l [Pi] -l w )) 
= P>/3,i + V^,i-l [r] (3.101) 

for re 1,1, which coincides with (I3.99p . 
Case 3. Q(/3, i) = and P(i) = 0. 



Let s(i) = min{l,/i + ^MjOi}}- Note that (/3,i — l^j + l[ s (i)]) belongs to Case 1 or 
Case 2. So we have 

^•f/3,i-l [p . ] + l [s(i)] 

= A^/3,i-l b . ] + l [s(i)] + (V - 5r, Pi + ^,s(i))^/3,i-l bi] + l [s(i)] -l [r] (3.102) 



for r 6 1,1. Since (3 S = and i s = for s G 1, l\{pi}, from (I3.57p . (I3.102p and Lemma I3T61 
we derive 

dr-Vfri = t W9 s (i).9 f .^,n w+ i w . )] + 5 r,pi9 s (i).W ( g )i _i [pi]+ i [s(i)] 

= £ bH]9 -(I)-(^rU|9,l-l [pi] +l [ . ( , ) ] + (ir - $r, Pi + ^, s (i))^/3,i-l bil + l [s(i)] -l [r] ) 

= PrVpj. + V^,i-l [r] (3.103) 

for r 6 1, 1, which coincides with (I3.99p . 
So this lemma holds. □ 

Lemma 3.9 For any a G T\{0} ; j3 G T\{—fi,—fi — a}, i G andp,q G 1,1 with 

p 7^ q, we have 

D M (x a ).vp ti = x a (a p d q - a q d p ).V0 ti 

= (oc p (/3 q + n q ) - a q (/3 p + fi p ))vi3 +ai i + a p i q vp +a ^i [q] 

—atqipVp+aj-i^y (3.104) 

Proof. Let 7 = 7 + \i for all 7 G T. We give the proof by induction on |i|. Since Lemma 
13.21 has given the proof for |i| = 0, supposing that this lemma holds for i G N' 1+ ' 2 with 
|i| < k, where k > 0, we only need to prove fl3TT04l) for i G N h+h with |i| = k + 1. Pick 
any a G T\{0}, G T\{-fi,-fi — a}, i G N h+l ' 2 with |i| = k + 1, and p,q £lj with 
p ^ q. First of all, we define pi as in (I3.52p . namely, 



Pi = min{r G 1, h + l 2 \ i r ^ 0}. (3.105) 
Then we proceed the proof in several cases. 
Case 1. ker a fl ( J2 je iJ\ {pi} ^) \ ker p ? 0. 

If there exists s G 1, such that a s 7^ 0, then a s /3 r — a r /3 s 7^ for some r G 

l,l\{s,pi}. Fix such s and r. Since Lemma 13761 gives 

t x W(a a d r - a r d s ).v p ^ lw 
= (a s /3 r - a r /3 s )v/3 :i + a s i r V(3j- 1[r] - a r i s vp : i-i [s] , (3.106) 

we have 

Dp.q(x a )-vp ti = — =— ^ =-x a (a p d q - a q dp).(t l ^(a s d r - a r 9 s ).^.n 

a s /3 r - a r /3 s lPl1 

= — 5- (* 1[Pil («^r - a r 9 s ).x a (ap9 9 - a 9 ap).u Ai _ 1[pi] 

CY s fj r CY r p s \ 

+ (<V>q iP . - a g 5 Pi p.)x a (a ;s 9 r - a^s).^,!-!^] 
-a s i r x a (a p d q - a q d p ).v p ^ l[r] + a r i s x a (a p d q - a q dp).v^ 1{ ^\ 
= {oipPq - ot q 0p)v^ a>i + a p i q V/3 +aj i^ 1[q] - a q ipVj3 +a;i ^ 1[p] (3.107) 

by (I3.106p . Lemma 13761 and the induction hypothesis. So (I3.104p holds. 

If a s = for all s G l,/\{pi}, then j3 r 7^ for some r G l,/\{pi} because that 
ker «f| ( J2jeTl\{pi} ^i) \ ^ er P ^ ®- Fix sucn r - Since Lemma 13.61 indicates 

t l Wd r .vp^ l[n] = /3 r vp A + i r v^i-i [rV (3.108) 



we obtain 

D Ptq (x a ).Vj3 ti 

= -=-x a (a p d q - a q d p ).{t l ^d r .vp^ lw - i r v^i-i {r] ) 

= -it (t l[p i ] d r .x a {a p d q - a q d p ).vp^i [pi] + (a p Sg !Pi - a q 5 PtPi )x a d r .v f3 ^ 1[pi] 

Pr ' ' '" 

-i r x a (a p d q - a q d p ).vp^i {r ^ 
= (apPq ~ ai q P p )vp +a! i + a p i q vp +a ^ 1[q] - a q i p Vp +a ^ 1[p] (3.109) 

by f)3.108p . Lemma ESI and the induction hypothesis. So (I3.104p holds. 
Case 2. ker a f] ( J2je~n\{p-} ^i) — ^ er ^ anc ^ ker a 7^ ker P- 

Since a 7^ and /3 7^ 7^ /3 + a, we have a s 7^ for some s G 1, i\{.Pi}, and 
a s (3 Pi — a Pi j3 s 7^ in this case. Fix such s. Pick rGl,!i + h\{Pu s }- Set d\ = a s d Pi —a p .d s 
and d 2 = ct s d r — a r d s . Observe that 

9i(t 1 M +1 W)9 2 - ^(^w+^i))^ = a s {t 1 ^d 2 - t^dx). (3.110) 

So Lemma [3.61 and Corollary 13.71 imply 

= {oi s (3 p . - a p .f3 s )vi3 ti + a s (i p . - l)v^ 1[pi] - a p .i s v P)i _ 1[s] 

-a a i r U0,i_i w +a r i^, i+ i M _i bi] _i w . (3.111) 

Thus, we have 

D p>q (x a ).vp ti 

= — g =-a: a (Q!p9 g - a^.f^W^ - t^d^.vp^ 

a s (3 p . - a p .(3 s \ |P ' J 

-a s (i p . - l)^,i-i [Pll + a p .i s Vp A - l[s] + a s i r v^ 1[pi] - a r i s v^ i+l[r] . l[p ^ 1[s] 
= n \ - t 1 Md 2 ).x a (a p d q - a q d p ).v/3 A - 1]pii 

0> s p Pi 0> pi p s \ 1 

+(a p 5 qtPi - a q 5 PiPi )x a d 1 .Vfs^ 1[pi] - (a p 5 qtT - a q 5 p , r )x a d 2 .vp,i- 1[pi] 
-x a (a p d q - a q d p ).(a s (i p . - 1)^,1-1^ - a p .i s vp^ 1[s] - a s i r u i g,i-i [pi] 

+ar^^,i+i [r] -i [Pi] -i w )) 
= (a p /3 q - a g (3 p )v)3 +aj i + a p i q V/3 +aji - 1[q] - a q i p V/3 +at i- 1[p] (3.112) 

by (I3.11ip . Lemma [3761 and the induction hypothesis. So (13. 104j) holds. 
Case 3. ker a = ker/3. 

Since a^O, + a and ker a = ker (3, we have a s 7^ 0, j3 s 7^ and f3 s + a s 7^ 

for some s e 1,1. Fix such s. 

If there exists some r G l,/\{s} such that (3 r = 0, then a r = 0. Fix such r. Choose 
cr g r\{0} such that a r 7^ 0. Then ker a 7^ ker(/3 — a). So Case 1 or Case 2 gives 

X a ((J r d s - a s d r ).Vp^i = (TrPsVpA + ffri*«Ai-l W ~ 0"s^/9,i-l w . (3.113) 



Thus we have 



= — =-x a (a p d q - a q d p ).{x a {a r d s - a s d r ).vp^ - a r i s v^ 1[s] + a s i r Vp^ 1{r] ) 

<J r p s 

= -^-(x a (cr r d s - a s d r ).x a (a p d q - a q d p ).vp_ aii 
a r p s 

+x a+a ((a p a q - a q a p )(a r d s - a s d r ) - (a r a s - o s a r )[a p d q - a q d p )).vp- aji 
-a r i s x a (a p d q - a q d p ).v p ^ 1[s] + a s i r x a (a p d q - a q d p ).vp^ 1[r] ) (3.114) 

by (I3.113p . Moreover, since kera 7^ ker(/3 — a), ker(a + a) 7^ ker(/3 — a) and kera 7^ 
ker(/3 + a — a), Case 1 and Case 2 give 

x a (a p d q - a q d p ).Vj3- a)i 
= (a q cr p — a p <J q )vp +a ^ at i + a p i q V/3 +a - at i-i [q] — a 9 z p u i g +a _ CT> i_i [j)] , (3.115) 

x a (a r d s - cr s d r ).vp +a - aii 
= o'rWs + a s )vp +aji + a r i s vp +ct: i- 1[s] - a s i r vi3 +a ,i-i [r] (3.116) 

and 

x a+CT ((a p a q - a q a p )(o r d s - a s d r ) - (o r a s - a s a r )(a p d q - a q d p )).v^i 
= &r(/3s + o> s )(a p a q - a q a p )vp +0 , ti + a r i s (a p a q - a q a p )vp +aii ^i [s] 
-a s i r (a p a q - a q o- p )vp +a! i- 1[r] - a p i q {o T a s - a s a r )vp +a ^ 1{q] 
+a q i p (a r a s - a s a r )vp +a ^i {v] . (3.117) 

So (13.1 14p becomes 

D Piq (x a ).vp A 

= a p i q V/3 +a ,i-l [q] — a q i p V(S + a,i-l [p] 

= (atpfig - ag/3 p )f/3+Q,i + a p i q V/3 +a ^i [q] - a q i p v^ +a;i ^ 1[p] (3.118) 

by (I3.115p - (l3.117p and the induction hypothesis, which coincides with (I3.104|) . 

If (3 r 7^ for all r G l,Z\{s}, which also means a r 7^ for all r G l,Z\{s}, we pick 
ri, r 2 G 1, Then replacing d r by d = a ri d T2 — a r2 d ri and oy by d(a) respectively in 

the above discussion from (13 . 1 13[) to (I3.118p . we can also get 

D Ptq (x a ).vp ti 

= (a p P q -a q Pp)vp +a ^ + api q v^ +at i- 1[g] -a q i p v^ +a) i- lM . (3.119) 
Thus we complete the proof of this lemma. □ 

Next, we shall prove the main theorem for the case \i G F /2+Z3 \r. 
For convenience, we shall first give a total order on N' 1+/2 : 

Definition 3.10 We define a total order on N /l+ ' 2 by: 



i> j -<=>- \i\ > \ or, \i\ = \ j\ and i s > j s with i p = j p for p G s + 1, li + l-z. (3.120) 
Then we have: 



Lemma 3.11 Iffi&T, then {v P]i \fieT,ie N h+h } is an ¥-basis of V. 

Proof. It is straightforward to prove that {vp^ | /3 G T, i G N' 1+Z2 } is a linearly inde- 
pendent set by Lemma 13.81 We omit the details. We only prove that V is spanned by 
{vp,i \peT,ie N h+h } here. For any (5 G T and i G N Zl+/2 , we set 

i 

Vf +Ii = {v eV\ l[(d p - % + ti p )) j »(v) = for j G with j > i}, (3.121) 

P =i 

C = U ( 3 - 122 ) 

jeN i l+ i 2;j<i 

and 

^ ] = ©C ^ (1) = 0t&- (3-123) 

/3er /3er 

Then Lemma [3.81 implies 

V = (J and U W G V !l,\ V ^ V/3 G T, i G N^ 2 . (3.124) 

jeN i i+'2 

Suppose that V cannot be spanned by {vp\ | /3 G T, i G N' 1+ ' 2 }. Then this will lead to a 
contradiction. Let j G N' 1+Z2 be the minimal element such that 

there exist a G T and v G V^AV^L such that 

u £ Span F {^i | /3 G T, i G N Zl+ ' 2 }. (3.125) 

Since v£J„ = = Fv A0 for (3 G T (cf. (OH), Definition E3} , we have j ^ 0. Let 

q = minjjo G 1, l\ + I2 \ j p 7^ 0}. Then (I3.12ip and Lemma show 

v' = (d q - (a q + fi q ))v G vS+^ ]] . (3.126) 
By the minimality of j in (13. 125j) , we have 

v' G Span F {^i I G I\ i G N' 1+ ' 2 }. (3.127) 
Thus f l3T2T|) . f l3TT24j) . f l3~T26|) and f l3~T27j) give 

„" = v ' - cu aJ _i w G k1+~ 1w) for some c G F. (3.128) 

Let 

c 

W = V ~ v a,y (3.129) 

Jq 

Then w G 1^ by fl3TT2^j) and fl3TT23]) . So for i > j, we have 

l 

H(d p -(a p + fi p ))^(w) = (3.130) 
p=i 

by (13T2H . Moreover, since (13326) . fl3~T28l) . fl3T29l) and Lemma EH give 

(<9 9 - (a q + (JL q )){w) = v' - cw a j-i w = f", (3.131) 



we have 

i i 
l[(d p - (op + fi P W P (w) = l[(d p - (op + /i p ))^~ 5 -K') = (3.132) 
p=i p=i 

by fl3TT2g|) . So (l3~T3Uj) and (l3"TT3"2"j) show that 

«; = r; - f «oj G (3.133) 

Jq 

which indicates v G Span^u^ | ft G T, i 6 N /l+ ' 2 }. This contradicts (I3.125p . So is 
spanned by {u^j | /3 G T, i G N Zl+ ' 2 }. This lemma holds. □ 

For the case p, G" T, we have determined a basis of V = V(p), and derived the action 
of the set ( 12. ip on the basis. So Proposition I2.3[ Lemma 13. 6[ Lemma 13. 8^ Lemma 13.91 
Corollary 13.71 and Lemma 13.111 give 

Lemma 3.12 Iffi&T, then V = V(p) ~ A^. 



4 Proof of the main theorem (II) 

In this section, we consider the case that V = V(p) for some p G V. With a shift of 
the indices, we can always assume that \x = 0. Notice that the contents from Lemma [3.21 
to Lemma 13.91 were discussed for general case p G F' 2+ ' 3 . So they still hold for the case 
H = 0. In this section, we need to complement the basis of V = V(p), and to derive the 
action of the set ( 12. ip on the basis which were missed from Lemma 13.21 to Lemma 13.91 
under the condition p = 0. 

Lemma 4.1 Vq ^ {0}. 



Proof. Suppose that Vq = {0}. Then this will lead to a contradiction. Pick p G 1, l\ + l 2 
and q G 1% + 1, l\{p}. Choose p G T\{0} such that p q ^ 0. Then by Lemmas 13.21 and |3~8| 
we have 

d s .(x p (p p d q - p q dp).v_ p , 2[p] ) = for s G l,l\{p}, (4.1) 
d 2 p .(x p (p p d q -p q d p ).v_ Pi2[p] ) = 0. (4.2) 
So x p (p p d q — p q d p ).v^ Pt 2 [p] G Vq by (11.211) . which indicates 

x p {p P d q - p q d p ).v_ P! 2 [p] = 0. (4.3) 



Pick r G h + l,l\{p, q} and choose a G r\{0,p} such that a r ^ 0. Then f ]4. 31) and 
Lemma 13.91 give 

= x a (a r d p - a p d r ).x p (p p d q - p q d p ).V- P)2[p] 

= x a+p ((a r p p - a p p r )(p p d q - p q d p ) - (p p a q - p q a p )(a r d p - a p d r )).V- Pt2[p] 

+x p (p p d q - p q d p ).x a (a r d p - a p d r ).v„ Pt2[p] 
= -2p q a r v a>0 / 0, (4.4) 

which is absurd. So we must have Vq ^ {0}. This lemma holds. □ 
Observe that 

V ^ {0} V {0) + {0}. (4.5) 
Since dimV^ < 1, we have dim = 1 by the above lemma. Moreover, we can obtain: 



Lemma 4.2 Vjj ^ is a trivial ^'(li,l2,h;0,T)-submodule ofV. 
Proof. Pick 0^6 F (0) . Then (Oljl indicates 

<9 p .v = for p £ Tj. (4.6) 



Moreover, we obtain 



fwdj.v, (t^dp-t^d^.v eV^> (4.7) 

for any p,q £ 1, Zi + Z 2 and q' £ 1, / with p ^ q' and p ^ q respectively. Namely, they all 
act on v as scalars. Thus we can derive, for p G 1, l\ + l 2 and q' & 1,1 with p ^ q', 

t x Md ql .v = [t^dr, t^d^.v = 0, (4.8) 



where r G 1, Zi + Z 2 \{p, ?'}, and for p, g G 1, Zi + Z 2 with g, 

(t^o*, - ^w^).!; = [^^^^.o = 0. (4.9) 

Take any a G T\{0}. Then a r 7^ for some r £ 1,1. Fix such r. Then for any s G 1, Z\{r}, 
picking p G 1, Zi + Z 2 \{r, «}, we obtain 

x a (a r <9 s — a s d r ).v 
= — [x a (a r d p — a p d r ),t x ^{a r d s — a s d r )].v 

= —(x a (a r d p — oipd T ).t 1[v] (a r d s — a s d T ).v 

—t l ^(a r d s — a s d r ).(x a (a T dp — a p d r ).v)j 
= (4.10) 

by (14. 8 p and Lemma ESI where in the fourth line x a (a r d p — a p d r ).v G Va°\ So it follows 
that 

D m {x a ).v = for any a G T\{0}, p, q G TJ. (4.11) 

By (Ojl . (Oil . (Oil , (gill} and Proposition we can derive that V r Q (0) is a trivial 
«^(Zi, Z 2 , Z 3 ; 0, r)-submodule of V. □ 



For any p G 1, l\ + Z 2 , « G T\{0} and 9 G ker a, we have 

z a ^_ Q)lw G \/ (0) (4.12) 



because 



<9,j.(a; Q <9.w_ ai i ) = [d q , x a d].v_ a:1 + x a d.d q .v^ a>1 =0 for q £ 1,1 (4.13) 



by Lemma 13.21 and Lemma 13.81 

Throughout the rest of the section, we fix some 



n, r 2 £h + 1, 1\{1} with n 7^ r 2 , (4.14) 

and fix some 

p £ T\{0} satisfying p n 7^ and p r2 7^ 0. (4.15) 

We are going to use p,r 1 ,r 2 to determine a basis of the vector space V . And the fixed 
elements p, r 1; r 2 will be frequently used throughout the definitions, lemmas and proofs 
of the rest of the section. First we have: 



Lemma 4.3 x p (p ri di—pxd ri ).V- Pi i [1 , ^ 0, where p andri are the fixed elements in 
and d4-15\) . 

Proof. Suppose that 

x p (p ri di - pid ri ).V- P:1[1] = 0, (4.16) 

then we have 

d p .(x p (p ri d 1 - p x d ri ).V- P 2 {1] ) = for p 6 1,1 (4.17) 
by Lemma [3.81 and (I4.16p . In other words, 

x p ( P rA - Pl d ri ).v. p>2[1] G K, (0) . (4.18) 

Choose a G T\{0,p} such that a ri ^ 0. So (14.181) . Lemma 14721 and Lemma [3791 give 

= x a (a ri d 1 - aid ri ).(x p (p ri d 1 - pid ri ).V- p>2[1] ) 

= x a+p ((a ri pi - aip ri )(p Tl di - pid ri ) - (p ri «i - pia ri )[a ri di - aid n )).v^ Pt2[1] 

+x p (p ri di - p 1 d ri ).x a (a ri d 1 - aid ri ).v_ Pi2[1] 

= 2p ri a ri v a)0 ^ 0, (4.19) 

which is absurd. So we must have 

x p {p ri d l - Pl d ri ).v. pM ^Q. (4.20) 

Thus the lemma holds. □ 

Let p and r± be the fixed elements in (14.141) and ( 14.151) . Since ( 14.121) shows 

x"{ Pri d 1 -p 1 d ri ).v^ pM GV Q (0) , (4.21) 

the above lemma enables us to choose ^ v G Vq ^ such that 

D rul (x p ).v- P>1[1] = x p (p n d 1 - pxd ri ).V-. Pt i m = p ri vo fi . (4.22) 
Then we define Vq^ for i G N' 1+ ' 2 as: 

Definition 4.4 Choose ^ v ,o G Vq as in For k > 1, we define 



vo, k[1] = — ^ + ^ x p (p ri di - pid ri ).v_ P:{k+l)[1] 



(4.23) 



where p and r x are the fixed elements in fl^.i^|) and ([^.i<5|). Moreover, we define 



v ,i = ^{t'lh+^d^h+h.^ih^W!)^^. . . . .(t^d^.vo,^ (4.24) 
for i = (ii, i 2 , ■ ■ ■ , ii 1+ i 2 , 0, ■ ■ • , 0) G W 1+l ' 2 with \i\ — k > 1 and i ^ fc[ij. 

It is not straightforward to verify the rationality of the definition (I4.23p . It can be 
verified only until Lemma 14.81 



Lemma 4.5 For any p G 1, 1 and i G W 1+l2 , we have 

d p .v 0ti = i p v 0ti _ 1[p] . (4.25) 

Proof. When i = 0, we have i>o,o £ > which indicates 

<9 p .w ,o = for all p G LJ (4.26) 
by Lemma [4.21 When i = km with k > 1, we have 

= <Ww>o,(k-%] J VpGl,/ (4.27) 

by (H23), ( jH23D and Lemma E2J When i = (ii,i 2 ,-- - , ij 1+{a , 0, ■ ■ • ,0) with |i| = k > 1 
and i 7^ (EUD, fl4T27j) and Lemma |42] show 

= ^(t^^WxY^. ■ ■ ■ .(t^d^.idp.vo,^) 

= 5 p ,ik ■ l ±(jt 1 vi+wd 1 ) i h+h. ■ ■ ■ .(t^d^.vo^.^ 



i p Uo,i-i w for p G {1} U h + l 2 + 1, /, (4.28) 



and 



= ^((t^+iiWrfh+h.... .(t 1 ^d l ) i2 .(dp.v 0>k[1] ) 

+ip(t 1 ^+h]d 1 ) i h+h. . . . .(^Md^p-i. . . . .(t 1 M5i) i2 .(9i.'yo,fe 



[!]• 



V>o,i-i w for P e 2,Zi + Z 2 . (4.29) 



Thus this lemma follows from fl4T26|) -f l4T29|) . □ 



Lemma 4.6 For any i G N ll+l ' 2 , k G N, p, q G 1, l\ + Z 2 one? p', g' G 1, 1, we have 

* lw 9 g '.vo,t = V v o,m w -i w » P^g'. ( 4 - 30 ) 

( f i w a p - ^w^.uo.i = (i p - i,)u ,i, p ^ g, (4.31) 

and 

Dp-, ! -(x' , ).t)_p i (fc + i) [1] = (k + l)(pp^ g /,i - Pq'Sp'^Vo,^, p'^q', (4.32) 
where p is the fixed element in (f^. 15\) . 



Proof. When i = 0, f !4.30p and (14.31 j) follow from Lemma 14.21 So we only need to 
consider the case i 7^ for (14. 30[) and (I4.3ip . We divide the proof into several steps. 

Step 1. ^Mdi.fQ,! = iiVo.i+i^j-ip, for ^ i G W 1+h and p E 2,h + l 2 . 

For any p E 2, l x + Z 2 , i = (ii, ^2, - - • , ii 1+ z 2 , 0, • • ■ , 0) G N' 1+ ' 2 with |i| = k > 0, we have 

t^h.Vot = ^(t^+^f^. ■ ■ ■ .(t 1 Wd l ) i i> +l . ■ ■ ■ .(t^d^.Vo,^ 

= ii^+iw-ipj ( 4 - 33 ) 

by gJMl). 

SZep 2. For any ^ i G N ?1+ ' 2 , p, g G 2, l ± + Z 2 and q' E 2J with 9' and p^g 
respectively, we have 

t 1[p] d q/ .v 0)i = v«o,i+i w -i [9n and (t 1 ^ - Z^dg).^ = (* P ~ ( 4 - 34 ) 

Firstly, we want to prove 

t lM d q , .v 0)k[1] = and (f X M <9 P - Z X M ff ) .v 0lfc[1] = (4.35) 

for > 0, p,q G 2, Zi + Z 2 and g' G 2,1 with p ^ q' and p ^ q respectively. We shall 
manage that by induction on k. 

When k = 1, for any p, q G 2, Zi + Z 2 and q' E 2,1 with p ^ q' and p 7^ g, we have 

Z lw ^ 0)1[1] , (t 1 W9p-* 1 W9 ff ).«o,i [1] eK) (0) (4.36) 
by (11.211) . Lemma [4.21 and Lemma [4.51 So (14.361) and Lemma [4.21 imply 

t^d qf .v 0)1[1] = -^Mfy, (Z 1 ^ - zVify)].^ = (4.37) 

for p G 2, Zi + / 2 and q' E 2,h + l 2 \{p}, and 

Z 1 ^.^ = [t^d^t^d^.vo^ = (4.38) 

for p E 2, li + l 2 and q' E l\ + l 2 + 1, Z, where s G 2, Zi + Z 2 \{p}. Moreover, by (I4.36j) and 
Lemma 14.21 again, we have 

{t^d p - t^d^.vo,^ = [t^dg, t 1 W9p].«o,i [1] = (4.39) 

for p,q E 2,li + l 2 with p ^ q. Thus, (I4.35|) holds when k = 1. 
Assume that, with some k > 1, 

Z 1[pl dq, .v , km = and (Z 1 W <9 P - Z 1 ^ ff ) .v 0lfc[1] = (4.40) 

for any p,q E 2,l\ + l 2 and g' G 2, Z with p ^ q' and p ^ q respectively. Then the induction 
hypothesis (I4.40j) and Lemma 14.51 give 

* 1 w^.Uo,(a, + i) [1] , (Z^-Z^K^+i^ (4.41) 

for any p, q E 2, Zi + Z 2 and q' E 2,1 with p ^ q' and p / g. Thus ( 14.411) and Lemma 14.21 
imply 

^fy.t^fc+UN = -^[Z lM ^, (Z 1 ^ - ^1^,)].^+%] = (4.42) 



for p G 2, li + l 2 and q' 6 2,^ + ^2\{p}; an d 

^W^.vo^fc+Dn, = [* lw 9 s ,t 1 w9 g '].'Wo,(*+ 1 ) I1] = (4.43) 



for p G 2, l x + l 2 and q' G h + l 2 + 1, i, where s G 2, ^ + k\{p}- Moreover, by (14~4"Tj) and 
Lemma 14.21 again, we have 

(th P \ dp _ ^w^).^,^!)^ = ^w^,* 1 ^^].^^!)^ = (4.44) 



for p, q G 2, li + 1 2 with p ^ q. So (I4.35P holds with k + 1. Thus (I4.35P follows from 
induction on fc. 

iVe:rf, we shall prove (14T34]) for i = (ii, i 2 , • • • , i; 1+ z 2 , 0, • ■ ■ ,0) G N il+ ' 2 with z s ^ for 
some s E 2Ji + l 2 . 



For any p G 2, Zi + Z 2 and q' G 2, we have 



il+«2 



j_(^ [il+i2 ]a 1 ) i 'i+' 2 . • • • .(t 1 wd 1 ) i *.(t 1 wd q ,.v j tm ) 



q=2 

... .(t 1 ^d 1 y" +1 .--- .(t^d^.vo,^ 



by fl4T^4"j) and ( 05]) . where fc = |i| and v = for g' G Z x + Z 2 + 1, i. Thus (14~4H imply 

(t^d p - ?Md q ).v 0ji = [t l ^d q ,t x ^d p ].v^ = {i p - i q )v 0)i (4.46) 



for any p, q G 2, l\ + l 2 with p ^ q. So this step follows from (14. 35ft . (I4.45j) and ( 14. 46 p . 
Step 3. t l md q ,.vo, k[1] = for all q' G 2^1 and k > 0. 

We shall give the proof by induction on k. When k — 1, Lemmas 14.21 and 14.51 indicate 

^H'-^iw eK (0) , Vg'G2j. (4.47) 

So for any q' G 2,1, it can be derived from (14.471) . Lemma [4.21 and Step 2 of this lemma 
that 

t l Wd q ,.v QM = [t l Md s ,t l wd ql \.v 0M = -t x wd q ,.{t l Md s .v , 1[n ) = 0, (4.48) 



where s G 2, l\ + h\{q'}- Namely, this step holds for k = 1. 
Assume that, with some > 0, 



t 1[1] d q/ .v 0tk[1] = for all q' G 2, 1. (4.49) 

Then it follows that 

^H'-^+Du eK, (0) , Vg'G27J. (4.50) 
Thus by Step 2 of this lemma, ( I4.50P and Lemma I4.2[ we obtain 

= -f 1 w5 ( ;.(f 1 w3,^ (W ) [11 ) = (4.51) 



for q' G 2, 1, where s G 2, li + l 2 \{q'}. So this step follows from induction on k. 
Step 4- For k > and p', q' G 1,1 with p' 7^ g', we have 

D p > >q ,(x p ).v^ k+1 ) [1] = (k + l)(p p f5 q/jl - p q '5 p ',i)v 0jk[1] , (4.52) 

where p is the fixed element in (14.151) . 

Notice that (Q2l coincides with fT4T23l for k = 0. For any fc > and g' G 277\{ri}, 
where ri is the fixed element in (I4.14p . we obtain 

D n,A x ")- v -P,(k+l) ll] 

= x p (p ri d q/ - p q/ d ri ).V- P: ( k+ i ){1] 

= — [x p (p, n di - pi9 ri ),t 1 w(p ri 9g/ - p ql d ri )\.V- Pj{ k + i )m 

= — —t x w(p ri d q < - p 9 /9 n ).(x p (p ri 9i - pid ri ).V- Pt{k+1)[1] ) 
Pn 



-(k + l)t l w( Pri d q ,-p q ,d ri ).v 0) 



fe[l] 

= (4.53) 
by <KT2$ . ( jj^SD , Lemma ESI and Step 3. So (jgZgp , (OS]) and fT4~53"j) give 

J D p / ig /(x p ).w_ Pi(fc+ i )[1] = — {p pl D r ^ q ,{x p ) -p <? ' J D ri , P '(x p )).t;_p ) (fc + i) [1] 



= (k + \){p^8 q i } i - Pg'V.O^o.fc^ (4.54) 

for p',q' G 1, 1 with p' ^ q'. This completes the proof of the step. 
Step 5. (t^dt - t^d 2 ).v , k[1] = kv , k[1] for k > 0. 

Let p and r 1; r 2 be the fixed elements in (I4.14p and (14.151) . Pick r G {ri,r 2 }\{2}. 
Then r £ {1,2}. Set 

d\ = p r d 2 — p 2 d r and d 2 = p r di — p\d r . (4.55) 

Then 

t 1 md l - t l ^d 2 = —{t l ^d 2 - t l wd x + pit^dr - p 2 t^d r ), (4.56) 

Pr 

where t 1 ^ - i 1 ^ = i(a 1 (t 1 w +1 [ 2 ])4 - 4(t 1[1]+1[21 )^i)- Thus fl4T23]) . Step 2-4, Lemma 
13.61 and Corollary 13.71 give 

= —{t X Wd 2 - t^dx + ptt^dr - p 2 t l Wd r ).V , k[1] 
Pr 

= TT-T^ 1 ^ ~ tll2] 9i)-x p ( P rA - Pl d ri ).v_ Pi{k+1)[1] 

Prpr\ \K ■+■ 1) 

= prp j k+1) (* P (PrA - Pld ri ).(t^~d 2 - t^WJ.V^^ 

-X p (p ri B 2 + £ri,2Pl&)-V-p,(*+l)[i] 

= — x p {p ri d 1 - Pl d ri ).V_ Pt{k+1)m - v Qjk[1] 
Pri 

= kv 0>k[1] (4.57) 



for k > 0. 

Step 6. t^dq.vo,! = i q v 0A+1[1] _ 1[q] for ^ i = (ii,i 2 , ■ • ■ , z Zl+ ; 2 , 0, • • ■ ,0) G N il+ ' 2 and 
qe2J- 

First of all, by (I4.24p . Steps 2, 3 and 5, we obtain 



h+h 



-i 2 (i 2 - lXt^+^di)^. • • ■ .(t 1 ^)* 2 - 1 .^ 

= iaVo,i+i [1 ]-i [3 ], (4.58) 
where = |i|. Then (I4.58P and Step 2 tell 

= t 1 W - (i ff «b.H-l[ai -1 W ) -^ 1[21 ^-Mo,i+i [1] -i [2] ) 
= i q {i 2 + l)u 0t i +1[1] _ lM - V2Uo,i+i [ir i M 

= l>0,i+l[i]-l W ( 4 - 59 ) 
for q & 3,1. So this step holds. 



Step 7. (t^idi - ^w^.vo,! = {k - ip)v 0)i for ^ i G N il+ ' 2 and p G 2, Zi + Z 2 . 
By Step 1 and Step 6, we have 

(t^-^Mfig.uo,, = [t 1 ^,* 1 ^].^ 

= (ii-ipKi (4.60) 



for ^ i G 1+ ' 2 and p G 2, Z x + Z 2 . 

In summary, Steps 1, 2, 3 and 6 show (14.301) ; Steps 2 and 7 show (14.301) ; and Step 4 
shows (I4.32p . So we complete the proof of this lemma. □ 

Lemma 4.7 For i G N Zl+ ^ 2 and p,q G 1, Z toZ/i p ^ q, we have 

Dp, q (x p ).v^ P)i = p p iqV ,i-i [q] - p q i p v 0>ir - 1]p] , (4.61) 

where p is the fixed element in |J75U. 

Proof. When i = 0, f 14 . 6 1 D follows from Lemma 13.21 So we only need to consider the 
case i 7^ 0. Recall that Lemma [4.61 has given the proof for i = km with k > 1. Therefore, 
we can prove the lemma this way: for each k > 1, we verify (I4.6ip for all ^ i G N Zl+ ' 2 
with |i| = k, by induction on i with the total order defined in Definition 13.101 

Fix any k > 1. Assume that, (14.6 ip holds for all j < i = (zi, z 2 , • • • , ih+i 2 , 0, • • • ,0) 
with |j| = |i| = k, where i p ^ for some p G 2, Zi + Z 2 . Next, we verify (14.61 j) for i. Set 



s = max{p G 2,Zi + Z 2 | i p ^ 0}. (4.62) 



Then s > 1. Pick r G r 2 }\{s}, where r 1; r 2 are the fixed element in (I4.14p . Then 
r ^ 1 and p r 7^ 0. So by the total order defined in (I3.120p . we have 

i + l[i] - l[ s ] < i, i + l[i] - l[ r ] < i or i r = 0. (4.63) 

Thus Lemma 13.61 Lemma 14.61 and the induction hypothesis give 

D m {x p ).v~pt 

= n Tt _i_ T\ D P>*( xP )-( tlls] (Pr d i - pi9 r ).w- P ,i+i [ir i w + pii r v- Pl i +lm - 1[r] ) 

Pry 1 ! ~r ^ 

+t 1 w(p r 9i - pia r ). J D P , 9 (x p ).f_ Pi i + i [in i w + pii r L> Pj(? (x p ).^ Pi i + i [ir i H ) 
= PpiqV ,i-i [q] ~ Pqi p VoA~i lp] (4.64) 

for p, q G 1, Z with p 7^ g, which coincides with ( 14.61)) . Thus this lemma holds. □ 

Lemma 4.8 For any a G r\{0}, i G N' 1+ ' 2 and p, g G 1, / p ^ q, we have 

D Ptq {x a ).v_ ati = a p i q v 0ti _ 1[q] - a g i p v 0> i-i [p] . (4.65) 

Proof. We shall give the proof by induction on |i|. When |i| = 0, Lemma [3.21 shows 

D M {x a ).v^ = (4.66) 

for all a G T\{0} and p, q G 1,/ with p 7^ q, which coincides with (14.651) . Suppose that 
(I4.65P holds for i G W 1+h with |i| < k, where A; > 0. Fix some a G T\{0} such that 

ker cr ^ ker p, (4.67) 

where p is the fixed element in (I4.15p . Then we prove dUMD for i G N /l+ ' 2 with |i| = k + 1 
in two steps. 

S'iep 1. For i G N' 1+ ' 2 with |i| = k + 1, and p, q G 1, / with p 7^ g, we have 

D Ptq (x a ).V- Uti = a p i q v 0ti - 1[q] - cr ? i p u ,i-i w . (4.68) 



Since ker a 7^ kerp, we have a 7^ ±p, cr Sl 7^ for some si G /1 + 1,/, and cr Sl p S2 — 
u S2 p Sl 7^ for some s 2 G Zi + 1, Z\{si}. Fix such si and s 2 . Set 

K = {<? si ps 2 ~ ^s 2 p si ){cr si dq - cr q d Sl ) - (cr Sl p q - a q p Sl )(a Sl d S2 - a S2 d Sl ) (4.69) 

for q G 1, Z\{si, s 2 }, where p is the fixed element in (I4.15p . Then for any gel, Z\{si, s 2 }, 
we have 

d q (a) = d q (p) = 0, (4.70) 

x<T dq = ((°" S iPs 2 - Vs 2 p Sl )D Suq (x a ) - (a Sl p q - a q p Sl )D SuS2 (x a )), (4.71) 

x p d q = a si (a sl D S2>g (x p ) + a S2 D q>sl {x p ) + a q D sl>S2 (x p )) . (4.72) 

Let 

9 = a Sl d S2 - a S2 d Sl and 8' = p Sl d S2 - p S2 <9 Sl . (4.73) 



Then d G ker a\ ker p and d' G ker p\ ker ex. So Lemma 13.91 Lemma 14.71 and the induction 
hypothesis give 

1 



d{p)d'{a) 

1 f d{p)x- p df .3f +p d q .v- aA - x ff d.x p d q .x- p &.v- ati 



d(p)d'(a) 

+x p d q .x a d.x- p d'.v- a:i 

Vsi ((^iP«a - cr S2 P8 1 )i g 'Wo ) i-l M - (^iPg - cr g p Sl )i S2 t;o,i- 
+ (^s 2 Pg - CTj^Ji^Vo,!-!^,) (4.74) 



> i - 1 [« 2 ] 



for g G l,/\{si,s 2 }, i G ff 1+ ' 2 with |i| = k + 1. Thus by Lemma [HI Lemma SSI (14769]) 
and (14.741) . we obtain 

^81,S2\p^ )"^— <7,i 

-[x fT <9p^ 1[pl (° r s 1 5 S2 - cr S2 9 Sl )].f_ CTii 



-j— — — — — — ^<j sl « S2 x"6'p.t;_ (T> i + i w _i [s2] - (T S2 z sl a; l/ 6'p.u_ . i i + x w _, | . i 

-t l w(a Sl d S2 - a S2 d Sl ).(x a d p .v^ aA ) 
cr sl i S2 v ,i-i [32] - a S2 i sl v 0A -i [ai] (4.75) 



for i G W 1+h with |i| = k + 1, where p e l,h + l 2 \{s\, s 2 }. Moreover, (jHZIj), f|4774"|) and 
(147751) imply 

D slj9 (x ").w_ - i i = (x CT 4 + (cr Sl p q - <7 q p Sl )D Sl . S2 (x a )).V- Uti 

a Sl p S2 - a S2 p Sl 

= a sl igV 0) i^ 1[q] - <r q i ai Vot-i M (4.76) 
for q G U\{«i, s 2 }, i G N' 1+/2 with |i| = k + 1. Therefore, ( g~75j) and ffl~76]) indicate 
£ ) P , 5 (a;' 7 )^-<r,i = — ((7 p D 81 , g (/) - a g D sup (x a )).v^ ati 

= V p iqVo,i-l [q] ~ O-gV'O.i-l^] ■ (4.77) 

for i G N' 1+ ' 2 with |i| = k + 1, p, g G 1, Z with p ^ q. So this step holds. 

Step 2. For any a G T\{0}, i G N' 1+/2 with |i| = k + 1, and p, g G 1, Z with p 7^ g, we 
have 

£ , p, g (s a )^-a,i = Opi 9 vo,i-i w - ttgV ; o,i-i [p] - (4-78) 

Fix an arbitrary a G T\{0}. Then we have ker a 7^ kerp or ker a 7^ ker a, where p 
is the fixed element in (I4.15p . Choose r G {p, a} such that ker a 7^ kerr. Then, with a 
replaced by a and p by r in Step 1, we can get 

D P! q(x a ).v„ a!i = a p i q v 0; i-i lq] - a q i p v ,i-i [p] (4.79) 

for i G N il+ ' 2 with |i| = k + 1, p, q G 1, Z with p 7^ q. As a G T\{0} is arbitrary, this 
completes the proof of the step. 



Thus (I4.65P holds for i G I^'i+'a w ith |i| = k + 1. So this lemma follows from induction 
on |i|. □ 

Remark. The above lemma proves the rationality of Definition 14.41 

Lemma 4.9 For any a G T\{0} ; i G N h+h and p,qel,l with p q, we have 

D M (x a ).v 0yi = a p i q v ati - 1[q] - a q i p v a ^ 1[p] . (4.80) 

Proof. When i = 0, ( I4.80P follows from Lemma 14.21 So we only need to consider the 
case i 7^ 0. Fix any k > 0. It suffices to prove 

D Ptq (x a ).v 0>i = a p igV aA _ 1[q] - a q i p v a:i _ 1[p] (4.81) 

for all a G r\{0}, i G N /l+ ' 2 with |i| = k, and p, q G Tj with p ^ q. We shall prove (I4.8ip 
in two steps. 

Step 1. For any a G r\{0, p}, i G N ll+l2 with |i| = k, p,q G 1,1 with p ^ q, we have 
D PA (x a ).v 0) i = a p i q v a> i- 1[q] - a q i p v ati - 1[p] , (4.82) 

where p is the fixed element in (I4.15p . 

We prove this step by induction on i with the total order defined in Definition 13.101 
When i = k^ , by (I4.23P and Lemma 13.91 we have 



D M (x a ).v 07k[1] 
= - ^ + ^ Av^U^Pndi - p 1 d ri ).v- Pi{k+1)[1] ) 

+x a+p ({a p p q - a q p p ){p ri di - p x d ri ) 
-(Pn«i - pia ri )(a p d q - a q d p )).v_ Pj{k+1)[1] ^ 
= k(a p 8 qtl - aqSp^Vo,^^ (4.83) 

for all a G T\{0,p}, p,q G 1,/ with p ^ q, where p and r\ are the fixed elements in 
dHU) and fl4TT5|) . Namely, fl4T82|) holds when i = k {l] . Suppose that, (Q2I) holds for all 
j < i = (ii, i%, • ■ • , ih+i 2 , 0, ■ ■ • ,0) with |j| = |i| = k and i p ^ for some p G 2, li + h- 
Recall that r x > 1 (cf. (I4.15P ). So by the total order defined in f)3.120p . we have 

i n = or i + - l [ri] < i. (4.84) 

Thus Lemma I3.9[ Lemma 14.71 and the induction hypothesis give 

D Ptq (x a ).v 0t i 

Pn (^1 T -LJ 

= p (iTTl) ( ;rP ^ riSl ~ Pid ri )-x a (apd q - a q d p ).v^ P! i +1[1] 

+x a+p ((a p p q - a,p p )(p ri £?i - pi9 ri ) - (p ri «i - pia ri )(a p d, - a ? <9 p )).?;_p ji+1[1] 

+PiV 1 x Q (cy9 ( , - a q d p ).v 0(1+1[1] _i [ri] ) 
= ttp^^a,i-i M - a g V^,i-i w (4.85) 



for all a G r\{0,p}, p,q G 1,1 with p ^ q. So (I4.82p holds by induction on i, which 
completes the proof of the step. 

Step 2. For all i G N /l+ ' 2 with |i| = k, p, q G 1, 1 with p ^ q, we have 

D m (x p ).v ,i = Ppi q v - p 9 z^ Pi i_i w , (4.86) 

where p is the fixed element in (14.1 5ft . 

Replacing p by — p, and a by p in Step 1, we can similarly prove ( 14. 86ft . Here we omit 
the details. 

So this lemma follows from Steps 1 and 2. □ 

Under the condition that p = 0, we get a set {vp^ \ (3 G T, i G N /l+Z2 } from Definitions 
13.31 and 14.41 In analogy with Lemma 13.111 it can be deduced from Lemma I3.8[ Lemma 
i3]and Definition EHi that: 

Lemma 4.10 The set {vp^ \ /3 G T, i G N /l+ ' 2 } is an W-basis ofV. 

So Proposition 12.31 Lemma 13. 6\ Corollary 13.71 Lemma 13.8} Lemma 13.91 and Lemma 
HSHUDlgive 

Lemma 4.11 If fi eT, then V = V{p) ~ ~ v4 . 

In summary, Lemmas 13. 1[ 13.121 and 14.111 show that, Theorem 11.11 holds. 
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